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S1 Notation

x = y means that z is defined to be y. dy is the length of the vector #. The
Lebesgue measure on R¥ is denoted by Mg or A if the dimension is clear from
context. k-times continuously differentiable functions belong to C*. L,(A,w) =
L,(A, A, p,w) for a measure space (A, A, p) and a weight function w : A —
[0,00) is the weighted L, space consisting of (equivalence classes of) measurable
functions f : A — R such that [|f[Pwdp < co. LY(Q,F,P) is the subspace of
L,(Q, F, P) whose elements have zero-mean. The standard basis vectors in R¥ are
e1,...,ex. M is the Moore — Penrose pseudoinverse of M. Pf = [ fdP, P, f =
LS f(Y:) and G, f = /n(P, — P)f. For sequences of probability measures
(Qn)nen and (P,)neny where @, and P, are defined on a common measurable
space for each n € N, @,, < P, indicates that (Q,)nen is contiguous with respect
to (Py)nen. @Qn <> P, indicates that @, < P, and P, <@,. X L Y indicates that
random vectors X and Y are independent; X ~ Y indicates that they have the
same distribution. a < b means that a < Cb for some constant C' € (0, 00); C' may
change from line to line. If X is a topological space, cl X means the (topological)
closure of X. B(X) are the Borel subsets of X. If S is a subset of a vector space,
lin S or Span S means the linear span of S. If S is a subset of a topological vector
space, lin S or clSpanS means the closure of the linear span of S. If S is a
subset of an inner product space (V, (-, -)), S is its orthogonal complement, i.e.
St={zeV:(z,s)=0foralse S} If SCV iscomplete the orthogonal
projection of z € V onto S is II(z|S). The total variation distance between
measures P and @ defined on the measurable space (2, F) is dry(P, Q). ds is
the Mallows-2 metric (e.g. Bickel, Klaassen, Ritov, and Wellner, 1998, Appendix
6). %5 denotes weak convergence under the sequence of measures (P, )nen. If the

sequence of measures is clear from context, I write just ~-.

S2 Additional results & discussion

S2.1 Inference under shape constraints

A non-standard inference problem which has attracted substantial attention in
statistics & econometrics is inference when (finite-dimensional) nuisance parame-
ters 7 may be at, or close to, the boundary. See, amongst others, Geyer (1994);
Andrews (1999, 2001); Ketz (2018). In this scenario, as explained in detail in

the aforementioned papers, the limiting distributions of extremum estimators are
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non-normal when the true parameter is at the boundary of the parameter space.
In otherwise regular models, the same is true when the true parameter is “close”
to this boundary, i.e. along local (contiguous) alternatives to such a boundary
point, by virtue of Le Cam’s third Lemma.

In consequence, the normal approximations which usually obtain for extremum
estimators (cf. Newey and McFadden, 1994) can lead to either misleading infer-
ence or poor power. The literature contains examples of boundary problems where
“standard” tests over-reject (e.g. Andrews and Guggenberger, 2010) as well as ex-
amples where they are conservative and exhibit poor power (e.g. Ketz, 2018).

Under regularity conditions, boundary - constrained estimators of the nuisance
parameters typically remain y/n - consistent (albeit not asymptotically normal).
Due to the approximate orthogonalisation (10), plugging in any /n - consistent
estimator 7, of n is typically sufficient to ensure that the resulting feasible moment
function (i.e. §n0 = go.5,) achieves the same normal limit as in Proposition 1.

In the semiparametric setting a natural generalisation of this boundary - con-
strained phenomenon is that of inference when nuisance functions are estimated

under shape restrictions which may be close to binding.

EXAMPLE 1 (Single-index model, continued): Suppose that the class F of permit-
ted link functions f in equation (1) imposes a shape restriction. For instance, F

may contain only monotonically increasing functions or convex functions.

Analogously to the parametric case, plugging in nuisance functions estimated
under shape constraints causes no problems for C(«) style tests, which retain the
same asymptotic distribution whether or not the constraints are (close to) binding.
This phenomenon is explored in simulation (based on Example 1) in Section S5.1.

Note that the power results of Section 3 typically do not apply to models with
shape-constraints as — like in the parametric boundary case — the set B of possible

perturbations to n will typically be a (linear) cone rather than a linear space.

S2.2 Uniform Local Asymptotic Normality

H is assumed to be a subset (containing 0) of a linear space equipped with a

pseudometric.!

AssuMPTION S1 (Uniform local asymptotic normality): Fquation (5) holds and
R, (hy) REN) for any h, — h in H. Additionally, for each h, — h in H,

!Proposition S1 below is an adaptation of Theorem 80.13 in Strasser (1985).
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1 Py

(Aphn)nen is uniformly square P,-integrable and (Ayhpn, Ayh) ~5 N (0,0(h)[11])

where o(h) == lim,_ ||Anh]?.

REMARK S1: The joint convergence of (Aphyn, A h) in Assumption S1 is needed

because H is not required to be linear. If H is a linear space this follows from ds
convergence of (the law of ) Ayhy, to N(0,0(h)) and the Cramér — Wold Theorem.

REMARK S2: If (A )nen is asymptotically equicontinuous on compact subsets K C
H, then h, — h in H implies ||A,(h, — h)|| = 0. In consequence (A, h)nen being
uniformly square P,-integrable and A,h N N(0,0(h)) for each h € H, suffices
for (Aphp)nen being uniformly square P,-integrable and for any h, — h € H

/ 1 1 !/ n
(Anhn, Anh) = (0 1) (Anha = Agh, Agh) 25 N (0,0(h) [11]).

If H is a Banach space (metrised by its norm), the equicontinuity of (Ay)nen
is guaranteed as uniform boundedness of (A,)nen (hence equicontinuity on H ) is

implied by uniform square P, -integrability of (Aph)pen for h € H.

PROPOSITION S1: Assumption S1 is equivalent to Assumption 1 plus asymptotic
equicontinuity on compact subsets K C H of (A,)nen and (b — P, p)nen (in dry ).

Proof. Suppose Assumption 1 and the asymptotic equicontinuity conditions hold.

Let h, — h in H. By asymptotic equicontinuity of (h +— P, 1 )nen,

Putu_ Prl) gp o = 0.

lim dT‘/(Pn,hna th) =0 = lim
pn,O pn,O

n—o0 n—oo

In combination with (compact) asymptotic equicontinuity of (A,,)nen, this implies
R.(hy,) — Ry(h) = op,(1). That (Anhy)nen is uniformly square P,-integrable
and the joint weak convergence under P, follows from the argument in Remark
S2. Conversely, suppose Assumption S1 holds and let h, — h in H. Then
Ay (hy — h) L 0 and so |A(h, — R)||* — 0 by uniform square integrability
(Serfozo, 1982, Theorem 2.7). dry (P p,, Pnop) — 0 holds by Lemma S6 since

1 1
Ln(hn> - Ln(h) = Anhn - §HAnhnH2 + Rn(hn) - Anh - §HAnhH2 + Rn(h) )

and R, (h,) = op,(1), R.(h) = op, (1), ||A,(h, — h)|> = 0. O

In the i.i.d. case, Lemma 4 recorded sufficient conditions for LAN (Assumption

S3



1). Similar sufficient conditions are available for ULAN (Assumption S1).

LEMMA S1: Suppose that Assumption 5 holds and for each h € H equation (24)
holds with A : lin H — Ly(P) a bounded linear map. Then Assumption S1 holds

with Pop = By, o and [AR(W™) =G, Ah.

Proof. That R, (h,) Ly 0 in (5) and that Ah € LY(P) follows from (24) by
e.g. Lemma 3.10.11 in van der Vaart and Wellner (1996). This immediately
implies that A,h is uniformly square integrable by the i.i.d assumption and that
[ALR)(WM) = G, Ah ~ N(0,0(h)) for o(h) = [(AR)?dP by the central limit
theorem. In view of Remark S2 it remains to show that A, is asymptotically

equicontinuous on compact subsets K C H. This follows since A is bounded: for
ha = h, | A (b = h)|| = [|GrA(hn — h)[| = [[A(hn — R)|| < [[Afl][en = h]| = 0. O

S2.3 Additional results on uniform local regularity
S2.3.1 Asymptotic equicontinuity of power functions

LEMMA S2: Suppose the conditions of Theorem 1 hold and that (H,d) is a pseudo-

metric space. Let § metrise weak convergence on the space of probability measures
on (R, B(R)) and let Qnp = P, 0 S’;éo. Suppose that on a subset K C H,

(1) (h = Qnp)nen is asymptotically equicontinuous in 0;
(11) (h = Pyp(Png, =17))nen 15 asymptotically equicontinuous;

~

(117) (h+— Pyp(Ang, = 0))nen is asymptotically equicontinuous;
then (h — P, pntn 0, )nen s asymptotically equicontinuous on K.

Proof. First suppose » > 1. By asymptotic equicontinuity of h — @, and

h w— Py p(Png, = 7) on K, for any h, — h (through K), 6(Qnp,,@Qnr) — 0 and
Pp.n .

| Pon(Tnoy = 1) — Pop, (Prg, = 1) = 0. Since 7, g, % r (Assumption 3 (iii) and

N Py p
Remark 1), 7, 90 —— r. Hence, under P, ,

~

Sy —Cn~S—cp, S~x2a) = Pun,Ung, — 1—P(x2(a) <) = n(r),
by Proposition 1 where ¢, and a are as in Theorem 1. Thus, by Theorem 1,

| Poh o — Pan®ngo| < | Py ¥ngo — T(T)| + | Pop¥n, — 7(T)] — 0.

~

In the case where r = 0, the asymptotic equicontinuity on K of h — P, (A, g, =

~ ~

0) implies that if h,, = h (through K), |P,p,(Ang, = 0) — Pun(Ang, = 0)] — 0.
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In combination with rank(A,, g,) RN (Assumption 3 (iii) and Remark 1), this

~

implies that P, p,, (A9, = 0) = 1 and thus P, 5, ¢ne, — 0. Thus, by Theorem 1

‘Pn,hnwn,eg - Pn,hwn,90| S |Pn,hnwn,90| + |Pn,hz/}n,90’ — 0. [

REMARK S3: In Lemma S2, Conditions (i) and (i) are required only in the case

where r > 1 whilst Condition (iii) is required only in the case where r = 0.

S2.3.2 Uniform results under a measure structure

Let 7t and 7t,, be as defined in Theorem 1 and Corollary 1 respectively.

COROLLARY S1: Suppose the conditions of Theorem 1 hold, (H,S,Q) is a finite

measure space and the functions h = (7,b) — m,(T,b) are measurable. Then, for
any € > 0 there is a K € S such that Q(H \ K) < € and

lim sup |m,(7,b) —m(7)| =0.
n=0 (rh)eK

Proof. The pointwise converge is the result of Theorem 1. 7t is measurable as
the pointwise limit of measurable functions. By Egorov’s theorem, m,(h) — 7t(h)

uniformly on a K satisfying the given requirements. m

S2.4 Alternative representations of 7

LEMMA S3: Suppose Assumption 1 holds, B is a linear space and let (Q, F,P) be
the probability space on which the Gaussian process A of Lemma 2 is defined. If

T ={A(h) : h=(0,b) € H} C Ly(P) and A(e;,0) =11 [A(e;, 0)|T], then,

EA@mM%M:E@@mN%M:%.

Proof. Define Z : H — Ly(P) as Z[h] = A(h). Z is a mean-zero linear Gaus-
sian process with covariance kernel K([h],[g]) = K(h,g) = ([h], [9])- Y =
ran Z C Ly(P) is a Hilbert space since for [h],[g] € H, E [Z[h]Z[g]] = K([h], [9]) =
([h], [g]) g, which along with the completeness of H yields the closedness of ran Z.

Hence Z is a Hilbert space isomorphism from H to Y. If 7} == 7,
T ={A(h) : h=(0,b) € H} ={Z[h] : h=(0,b) € H} = {Z[h] : [h] € ker 7} }.

We next show that 7+ = {Z[h] : [h] € (ker ;) }. For the first inclusion suppose
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that Z[g] € T+. Then, for any [h] € ker 7},

(9], [h]) i = (Zlg], Z1h]) @) = 0, (S1)

and the inclusion follows by taking limits as ker m; = clker 7] by Lemma S5. For
the other inclusion note that a corollary of Lemma S5 is that (ker m;)* = (ker 7})*.
Hence, if [g] € (ker )%, for any [h] € ker 7} (S1) holds. Finally, let @ denote the
orthogonal projection on (ker 7;)* C H and R that on 7+ C Y. Then for [h] € H,
RA(h) = RZIh] = ZQZ*Z|h] = ZQZ 'Z[h] = ZQ|h], since Z is a Hilbert
space isomorphism. Hence RZ[e;, 0] = ZQ[e;, 0] implying E [A(ei,O)A(ej,O) =
(I1+[e;, 0], T4[ey, 0]) . = T O

In the i.i.d. setting the efficient information matrix Z coincides with the vari-
ance matrix of the efficient score function ¢ = II[¢|{Db : b € B}*].

LEMMA S4: If Assumptions 1 and 5 hold and B is a linear space then T = fgg' dpP.

Proof. For hq,hy € H, by the i.i.d. assumption and Lemma 2, P,[A,h1A,hs] =
P[AhyAhy] = P[Ah1Ahy]. X = clrtan A C Ly(P) and Y = clran A C Ly(P)
are Hilbert spaces when equipped with the inner products given by (hy, hy)
P[AhyAhs] and (hy, he) — P[AhyAhy] respectively. Define U : ran A — ran A by
UAh = Ah for h € H. U is a bounded, linear, surjective isometry and can be
uniquely extended to a Hilbert space isomorphism U : X — Y. Let R =11 [-|7’l}
(T+ as in Lemma S3) and Q := II[-[{Db: b € B}*]. Then RAh = RUAh =
UQU*UAh = UQAh, which implies the conclusion as 6257 = A(e;, 0). ]

S2.5 Most stringent tests

Here I consider most stringent tests; this delivers a similar message to the maximin
analysis in the main text.? Let C be the class of all tests of level « for the hypothesis
Ko : h € Hp against K; : h € H; in the experiment &. Define 7w*(h) = supyce Pré
for all h € Hy. The regret of a test ¢ € C is

R(¢) =sup{m*(h) — Py : h € H,}. (S2)

A test ¢ € C is called most stringent at level « if it minimises R(¢) over C.

2The development here is based on Section 9, Chapter 11 in Le Cam (1986); in particular
compare Theorem S1 with Corollary 2 of Le Cam, 1986, Section 9, Chapter 11 which treats the
case of a Gausian shift experiment indexed by a Euclidean space.
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THEOREM S1: Suppose Assumptions 1 and 4 hold and r = rank(Z) > 1. The most
stringent level v test of Ko : h € Hy against Ky : h € Hy in & has power function

ni(h) =1 —P(x%(a) < ¢), a=7Ir, h=(rb) € H. (S3)

Proof. Denote by 4 the Gaussian shift on H and R the regret
R(¢) == sup {7*([h]) — Guo : [h] € H\ kerm }, 7([h]) :==sup {G[h}go Cp € é} :

where C is the class of level -« tests of ker m; against H \ ker 7y in ¢. The Neyman

— Pearson test, ¢*, of [g] € ker 7y against [g]+ [h], with [h] € [ker m;]* rejects when

exp ( 2lg-+ 11 = 2lg] = 3l + W + 31l ) = exp (204000 = T4 )

exceeds a k chosen such that the test is of level o, for Z the central process of
4. k does not depend on the [g] € ker m; and the power of this test depends only
on |II+[h]||% = 7'Z7 where m[h] = [r]. Now let [h] € H \ kerm; and consider
testing K, : [h] against Ky : [h] € kerm;. One has [h] = [g] + [I*[h] where
lg] = II[h] € ker ;. By the preceding observations, 1* is a most powerful level-a
test for this hypothesis.® Thus ¢* € C and

¢ ([h]) == sup Gy = G (54
¢eC

For i = 1,...,dp, let u; = I1*+[(e;,0)] and let X = (Zuy,...,Zug,)". Let ¢
be the test which rejects when (X'Z1X)? > ¢,, for ¢, the 1 — o quantile of the
x2. By Theorem 69.10 in Strasser (1985) and Theorem 9.2.3 in Rao and Mitra
(1971), Gy = 1 = P(x3(a) < ¢,), a = 7'Ir = |IT*[1]|% where [7] = mi[h].
G* — G depends only on ||II*[h]]|%. Fix a e > 0 and suppose that for some
¢ €C, R(¢) < R(1)) — 2¢. There is an a > 0 such that

sup { Glgrn¥* — Glgan : [B] € kerm ], ||[B]||% = a} > R(¢)—e, for all [g] € ker ;.
In consequence, for all [g] € kermy, all [h] € S, == {[h] € [kerm|* : ||[M]||% = a},

Glgsm¥* — Glgrnd < R(Y) — 28 < Gyt — Glganth — €,

3Suppose there were another level a test ¢ of K, against K, with strictly higher power than
y*. Then, this would also be a test of level a for [g] against IT-[h]. But this would contradict
the Neyman — Pearson Lemma (e.g. Lehmann and Romano, 2005, Theorem 3.2.1).
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which produces a contradiction to Theorem 30.2 in Strasser (1985):

inf Gp¢ > inf G =1-P(%) <e¢ .
ont ¢ = ot Y +e (xr(a) <c) +e

To complete the proof, it suffices to show that ¢ : Q@ — [0,1] is in C if and
only if ¢ € C and R(p) = R(p). The first part follows from h € Hy if and only if
[h] € kerm; and Proposition 3. For the second part, (S4), Proposition 3 and the
first part together imply that 7([h]) = 7w*(h) for all h € H. Therefore,

T ([h]) = Gy = (v (h)) = Gryyp = (h) = Pap,  h € H.

As h € Hy <= [h] € H\ kermy, R(p) = sup{r*(h) — Py : h € Hi} = R(p). O

The first part of Corollary 3 provides conditions under which (S3) is the asymp-
totic power function of v, g, under P, . The following Proposition demonstrates
that if 7t, : H — [0, 1] is a sequence of power functions corresponding to tests in
the experiments &, of asymptotic size «, then each cluster point of 7, corresponds
to a test ¢ in the limit experiment & whose regret is bounded below by that of

the most stringent test, 1.

PROPOSITION S2: Suppose Assumptions 1 and 4 hold and that r = rank(Z) > 1.
Let ¢y, - W, — [0,1] be a sequence of tests such that for each h = (0,b) € H,

limsup P, ¢, < a. (S5)

n—00

For each h € H, let ,(h) = P, n¢n. If 7 is a cluster point of m, (with respect to

the topology of pointwise convergence on [0,1]), then 7 is the power function of
a test ¢ in & and R(¢) > R(v).

Proof. By (S5), Proposition 2 and Theorem 7.1 in van der Vaart (1991) there is a
level a test ¢ in & with P,¢ = m(h). Apply Theorem S1. ]

S3 Technicalities

LEMMA Sb5: Suppose Assumption 1 holds and B is a linear space. Let T} denote

the restriction of w1 to H. Then, the closure of ker 7} in H is ker ;.

Proof. Since 7, is continuous, kerm; = 7, '({0}) is closed. Hence it suffices to

show that kerm = {[h] € H: [h] = [0,b]} C clkerm, = cl{[h] € H : [h] = [0,b]}.
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Let [h] = [0,b] € ker ;. There is a sequence H > [h,] = [t,, b,] — [h]. Using (45)
7] = W)l = 6,2t + [ltne +[0,0,] = [0,0)]l e = (Ie1, 0], I[eq,, 0])'

For each n € N, there are é, = ([0,b1.,], ..., [0, b4, .n])" with each [0,b;,] € H such
that ||[0, ;] — I[e;,0]|| . < 1/(nlta;]). Putting [0,,] = t,é&, + [0,b,],

- d
110, bn] = [0, 0]l < lIt,€n — trellx + lltne +[0,bn] — [0, b]l|x < f +o(1) = o(1).

Since each [0, b,] € ker 7}, the limit [0, ] € clker 7. O

LEMMA S6: Suppose that for hy,,g € H, P, ,< P, and L, (h,) — L,(g9) = op,(1).
Then dTv(thn, ng) — 0.

Proof. By the contiguity Ly (h,)—Lyn(g) = op, ,(1). Apply Lemma S3.3 in Hoesch,
Lee, and Mesters (2024). O

COROLLARY S2: Suppose that Assumption 1 holds and H is a linear space equipped
with the semi-norm || - |k. If h,g € H satisfy ||h — g|lk =0, drv(Pon, Png) — 0.

Proof. By Assumption 1, the reverse triangle inequality and o(h — g) = ||h — gk
we have that L,(h) — L,(g) = op,(1). Apply Lemma S6 with h,, = h. O

LEMMA S7: Let (U, X) be a random vector on a probability space (2, F,P) with
U € Ly(P) and E[UU'| X non - singular almost surely. Let B C Lo(Q,0(U, X), P)
be the set of bounded functions b of (u,x) such that E[b(U, X)U|X] =0. Then

cddB={UZ: Z is a bounded, o(X)-measurable random variable}*.

Proof. Suppose b € B. Then E[b(U, X)UZ] = E[E[b(U, X)U|X]Z] = 0. Con-
versely suppose b € Ly(2,0(U, X),P) and E[b(U, X)UZ] = 0 for Z any bounded
0(X) — measurable random variable. By Proposition A.3.1 in Bickel et al. (1998),
E[b(U, X)U|X] = 0 a.s. whence b € cl B by Lemma C.7 in Newey (1991) O

THEOREM S2: Let H be a Hilbert space. Let h,,h € H, and L, L closed (proper)
linear subspaces of H. Let g, = I(h,|L,) and g = II(h|L). If (1) h, — h and
(ii) for each f € L, there is a sequence (f,)nen and a N € N such that f, — f
and f, € L, forn > N, then g, — g.

Proof. Let II,, be the orthogonal projection onto L,, and II that onto L. First sup-
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pose h, = h (n € N). As (gn)nen is bounded, any subsequence contains a weakly

convergent subsequence, say g,, — ¢*. By self-adjointness and idempotency (SAI)
<gnk ) gnk> = <anh7 anh> = <h7 anh> - <h7 g*>' (86)

Let f € L. By hypothesis there are (f,)neny with f, — f and f, € L, for
n > Ny. So f,, — f and f,, € L,, for kK > K;. Since h —1I,, h = h — g*, by
Proposition 16.7 in Royden and Fitzpatrick (2010) and the fact that h —g,, € L,fk
for each k, (h—¢*, f) = limgoo (h — gn, s fn,) = 0. Hence ¢* = IIh = g. By
SAI of IT and (S6), limg—e0 (gn, 5 gn,) = (b, IIh) = (IIh, IIR) = (g, g) and hence
gn, — g by the Radon — Riesz Theorem. As the initial subsequence was arbitrary,
gn — ¢g. To complete the proof, for h, — h an arbitrary convergent sequence,
lgn — gl < ||hn — h|| + ||TL,A — TIA||. The first RHS term is o(1) by assumption;
the second by the case with h,, = h. O

THEOREM S3: Let H be a linear space and B C H a linear subspace of H. Suppose
that G, is a Gaussian process on a probability space (2, F,P) with index set H and
covariance kernel K, and that G is a Gaussian process on (2, F,P) with index set
H and covariance kernel K. Suppose that K,(h,g) — K(h,q), h,g € H. Let H
be equipped with the positive semi - definite, symmetric bilinear form defined as
(h, g) = K(h,g) and suppose that H is separable under the induced pseudometric.
Fixh,g € H and let 94, .= o({G.f : f € B}) and %4,, = o({Gf : f € B}). Then,

X, = (G,h,E[G,g|%,]) ~ X = (Gh,E[Gg|¥]) .

Proof. cl{Gb : b € B} is a separable Hilbert space and so has an orthonor-
mal basis, which may be taken to be formed of Gb;, (b;)jen C B. Let G, =
o({Gub; : i € N}), G := o({Gb; : i € N}), By, = (by,...,by), G = o({G,b :
b € Bn}), g™ = o({Gb : b € B,}), X™ = (G,h,E[G,g|G™"]) and X™ =
(Gh,E[Gg|G™]). Now let Z™ = (G,h,G,g,Gpby,...,Guby) ~ N(0,57) and
7™ = (Guh,Gg, Guby, ..., Guby) ~ N(0,5™). Partition ©™ conformally with
77 = Gh, Z* = Gg and Z* = (G,by, ..., Gpby,) and similarly for ¥7, Z™. Then

X = (Gnh7 E[Gn9|g;m) = (Zm

n,1»

X™ = (Gh, E[Gg|G™)) = (27", Z3" — [S™]25[E"]5525") -

Zy — [Sm25[80 5520

n

Since K, (hi,hy) — K(hy, he) for all hy,hy € H, X" — ¥™ as n — oo and the

inverses in the preceding displays exist for all sufficiently large n since {Gb; : i € N}
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is orthonormal. By X" — " Levy’s continuity Theorem and the Cramér — Wold
Theorem, Z" ~» Z™. Hence,

X s X, (S7)

Let II™ be the orthogonal projection onto S,, == Span{Gb : b € B,,}. Then, X™ =
E[Gg|G™]| = E[Gg|9™] = II"Gg, by Theorem 9.1 in Janson (1997). S,, C Sp41
and S = cl{Gb : b € B} = clUenSm, so by Theorem S2 and Theorem 9.1 in
Janson (1997), [|E[Gg|9™] — E[Gg|¥4]||L, = |II™Gg — IIGg||L, — O and so

X" X. (S8)

Define Y,, = E[G,h|G,], V" = E[G,h|G"], Y™ = E[Gh|G™] and Y = E[Gh|]].

n

As Y, € cl{G,b : b € B} and V" € {G,b : b € B,,} (Janson, 1997, Theorem
9.1), Y, = Y" ~ N (0,07 ,,) where o7, = Var(Y, = Y""). As Y, = E[G,h|¥,] and

Y n,m

Y™ = E[G,h|¥"] (Janson, 1997, Theorem 9.1),

2

P(|X, = X" >¢e)=P(|Y, =Y, >¢) < Cexp <— i ) (S9)

n,m

We show next that o7, — o7, = Var(Y —Y™). For this let fy = h, f; == b,
i € N. Consider the restricted processes F,, == (F,,;)ieny and F' = (F});eny where
F,; = G,fic1 and F; == Gf;_;. F,, and F' are random elements in the separable
metric space (R, d) where d is the metric given in Example 1.2 of Billingsley
(1999). Hence F,, ~ F in (R*,d) by Example 2.4 of Billingsley (1999). By
Skorohod’s representation Theorem (e.g. Billingsley, 1999, Theorem 6.7) there are
random elements F,, and F defined on a common probability space such that
E, — F surely, L(F) = L(F) and L(F,) = £(F,). Thus F, and F are Gaussian
processes. As Cov(ﬁn,i, Fn,j) = K, (fi—1, fi-1) = K(fiz1, fi-1) = COV(E, FJ) each

(Fi)nen is uniformly square integrable. As (R*, d) has the topology of pointwise
convergence each Fm- — E surely. Hence Fm Lo, E By the equality in law

Y =E[F {F:2<i<m}]~Y™ Y, =E[F, {F.:ie€Ni#1}]~Y,,
Y™ =E[R{F:2<i<m}]~Y™, Y =E[R|{F:icNi#1}]~Y.

Define g;” = Span{ﬁ’nvi 02 < i < m}, S, = clSpan{Fn,i 1€ Nji # 1},
S™ = Span{F; : 2 < i < m} and § = clSpan{F, : i € N,i # 1}. Then
Y = [F,1|S™], Y, = H[F,1|S,], Y™ = II[F},|S™], Y = II[F,|S] by Theorem 9.1

in Janson (1997). We will apply Theorem S2 twice (in Lo). It is straightforward
to check the hypotheses are satisfied with (i) L, == S™, L == §™; (ii) L, = S,

S11



L= S and h,, == le, h = F} in both cases. By Theorem 52,
1Yo =Y = (Y = Y™, < |[Va = Y|z, + V3" = Y™, = 0,

hence 02, = Var(Y,, Ym) Var(Y, —Y””) — Var(Y —=Y™) = Var(Y —=Y™) = 02,
To see that lim,,, oo 02, = 0 set L,, == Span{Gb: b € B,,} and L :=cl{Gb: b €

B}. Tt is easy to check the hypotheses of Theorem S2 (with m in place of n) hold.

Hence Y™ 22 Y and so o2 = Var(Y —Y™) — 0. In conjunction with (S9),

2
lim limsupP (]| X,, — X*|| > ¢) < lim limsup Cexp (— i ) =0. (S10)
m—00 5 s00 m—00 p—oo Onm

The result now follows from Theorem 3.2 in Billingsley (1999). O

LEMMA S8: Let (my)nen be an increasing sequence of natural numbers such that
My, <N, (Yoi)neNi<i<m, @ triangular array of random vectors and C,, a collection

of random variables. Suppose that with probability approaching one either

(i) E[||YnilllCo] < 6,072 for some 6, — 0 and all i < m,,; or
(11) For each component Y, ;s of Yy, and any i # j < my,, E[Y,; Y, s|Ca] =0

almost surely and E[Y,2, |C,] < 8, for some 6, — 0 and all i < m,,.

’llZS

mn

Then Y,.i converges to zero in probability.

oy

Proof. 1f condition (i) holds, E Hm_1/2 Yo Yl < Suma!*n=1/2 = 0. If condition

n,t,s

2
(ii) holds, E < S12 Yoo Ynzs) =m,' Y " EY? <4, = 0 for each compo-

nent Y, ; ; of Y, ;. In either case the clalm then follows by Markov’s inequality. [

S4 Additional details for the examples

S4.1 Single index model
S4.1.1 Proofs of results in the main text

Proof of Proposition 5. As is easy to verify, each component of g, belongs to
LY(P,). For any b € B, E[eby(e, X)|X] = 0 by (28). Plugging in for Db and
using this allows the conclusion that E [¢(W)[Db](W)] = 0. Apply Lemma 5. O

Proof of Proposition 6. For part (i) of Assumption 3 note that for some a; €

S12



{_17 1}7 \/Lﬁ Z?:1 gnﬁ,i - g(Wz) = Zle al\/Lﬁ [Z;?inl Rl,n,i + Z?:mn-‘rl Rl,n,z‘} where

i (Vi) = (Vo)) f' (Vo) (Xoi — Zo(Va))
Yi= f(Voi)) (F'(Voi) = FaiVai) ) (Xas = ZolVa))

(X0)(
(X0

Ry = W(X)(Y; = f(Vo) PsVas) (ZomiVas) = Zo(Vas))
(X = %) (F'(Vas) = FrasVa) ) (X = Zo(Vay))
(X)(fni (Vo) = F Vo) FriVoi) (Zomi(Vas) = Zol(Va)) -

We verify that one of (i) or (ii) of Lemma S8 is satisfied with Y, ; = R;,; for
i=1,...,m, = |n/2] or i = m, +1,...,n. Suppose that 1 < i < m, and
let C,, = C,2 (the case with m,, +1 < i < n and C, = C, is analogous). Each
ZAkjn,i(Vg,i) is 0(Vp,,C,) — measurable for £k = 0,1,2,3,4. f(Va,), f'(Vai), w(X;)
and Xa; — Zy(Vp,) are bounded uniformly in ¢ and there are events E, with
P,oE, — 1 on which R;,,; < r, , fnﬂ-(%ﬂ-), f’n?i(‘/};’i), ZAM,Z-(VQJ) are bounded
above uniformly in ¢ and 2277171'(‘/971') is bounded above and below uniformly in 7,

for all large enough n € N. On these sets,

. 2
E [Hzo,n,z‘(ve,i) — Zo(Vos) Cn:| <l (S11)

For [ = 1,2,3, the first part of condition (ii) follows by the law of iterated
expectations and independence since E[w(X;)(Xa; — Zo(Vp,i))|Ves] = 0 (I = 1)
and E[¢;|X;] = 0 (I = 2,3). The second part follows by the uniform boundedness
noted above, R;,; <, on E, along with equations (30) and (S11).

[ = 4: By the uniform boundedness and the Cauchy — Schwarz inequality,
B[ RailCa] S B || fui(Vos) = F(Voi)| | £/(Vas) = Fos(Vas)|[Ca] and the RHS is
upper bounded by Rs,, ;R4 = o(n™'/%) on E,,.

Il = 5: By the uniform boundedness and the Cauchy — Schwarz inequality,
Bl RanlICo] S E [|FaiVai) = F(Voi)| | ZomiVos) = Zo(Vaa)||Ca] . Fora € >0,
the RHS is upper bounded by Cr,R3,,; = o(n"*/?) on E, by (S11).

For parts (ii) and (iii) of Asssumption 3, we show that ||V;,g — V|| = op, o (Vn),
which suffices by Proposition S1 of Lee and Mesters (2024). For V =P,gq,

n

. . L 1 . 1
Vao =V =Vag =V AV =V =23 [noidhp; = 9W)g(Wi)] + —=Culog]
i=1

E(gigr)? < oo by E[¢'] < oo and Assumption 8. Hence 7=Gy[9g'] = Op,, (n=1/2)

S13



by the CLT. For the other term,

5

_Z gnsz_gk 2NZTll

Zlek‘|‘ Z Rzm,k

i=mn+1

For | = 1,2, 3 we established that if 1 <4 < m, and C, = Cy,» then E[R}, ; ,|C.] <
r2 on E,. We show this also holds for [ = 4,5. (The case with m, + 1 <
i < n with C, = C,,1 is once again analogous). For | € {4,5}, E [R}, ;([C.] <

. 2

B | (Fuse) ~ 1(V2)
and the RHS is bounded above by 72 on E,. By Markov’s inequality,
LI R i+ > i Riik] = Opn(r2) for I = 1,....5 hence the same is

5 y 3 o2
tre of 2520 o, — g(Wa) . Therefore, [Vig =V 2 = Opn(ra) as || Vig = V

2
is bounded above by a multiple of

Iy 21 ¢ 2
EZHgn,e,iH ZHgnez— DII*+ = Z!Ignez—g(Wi)H gZHg(W)
i=1 =1

Cn] , by the uniform boundedness (for all large enough n)

S4.1.2 The LAN condition

Here I provide examples of local perturbations P, ; and lower level conditions
under which the LAN condition in Assumption 7 holds. Let ¢, be as in equation
(3) with By = C}(2) and B, taken to be the set of functions by : R — R
such that by is bounded, e — bs(e, x) is continuously differentiable with bounded
derivative and equation (28) holds.

PROPOSITION S3: Suppose Assumption 6 holds, W,, = [[1_, R, e — \/((e,z) €
C', and p,p, = Py ny With py as in (2). Then Assumption 7 holds.

Proof. Define v;(h) = ~ + t(7,b1,02() for h = (7,b1,bs) and ¢t € [0,00). Tt is
easy to verify that P, ;) € {P, : v € I'} for all small enough ¢. This ensures
the required domination in Assumption 5 given Assumption 6. Next note that
t = /Dy (ny is continuously differentiable everywhere since it is a composition of
continuously differentiable functions for ¢ small enough that (1 + tby) is bounded

dlogpy, (ny(w) |
ds

away from zero. This ensures that ¢,(W) = <—¢ 18 defined for small

S14



enough ¢. Writing v; :== V4, and e, =Y — f(v;) — tb1(v;) this has the form

(W) = — d(er, X)[f (ve) Xo7 + tb) (v:) X57 + b1 (vy)]
. baler, X ) — th(er, X)[f' (v)) X7 + ¥, (v)) X7 + by (vy)]  (512)
1 —|— tbg(et, X) ’

which is a composition of continuous functions. By boundedness of f’, by, b/, by, b},
(1+tby) " and equation (26), [ |g:(W)|*t* dP,,n) < CE[(|¢(e, X)[*T? + 1) || X||*T7] <
oo for a positive constant C' < oo and a p > 0. This implies that for any t, — ¢,
(¢, (W)?)nen is uniformly P, () — integrable. Combination with ¢, (W)* —
q(W)? (everywhere) yields [ g, (W)?*ps, (W) dX = [ ¢:(W)?py,cny(W) dX. Ap-
plying Lemma 1.8 in van der Vaart (2002) demonstrates that equation (24) holds,
with Ak as in (25). Lemma 1.7 of van der Vaart (2002) ensures that Ah € L(P).

The form of Ah reveals that it is a linear map on H. It is bounded:

[AR[]* < CE [g(e, X)X P] I711* +E [¢(e, X)?] [1ba]]* + [[2]|* < Co |,
where C,Cy € (0,00) are positive constants. Apply Lemma 4. n
S4.2 IV model with non-parametric first stage

S4.2.1 Proofs of results in the main text

Proof of Lemma 6. J(Z) is nonsingular by (37). By Proposition 2.8.4 in Bernstein

(2009), J(Z);} = E[¢2|Z] " exists and is positive. Define [() := (z’l(W)f, z‘z(W)')

=01 (E)(X", Z1)', [D1bi](W) = —¢2(&)'b01(Z) and [Dabs] (W) = ba(&), where & =
Y - X'0—-28,X —n(Z),Z). By Lemma S7 and Proposition A.3.5 in Bickel
et al. (1998), with T3 = {[Dabe](W) : by € By},
LW) =T [((W)|T] = E [~ X", 2] V| 2) E (U 2]
[Dabi)(W) =10 | Db (W) T | = B [-01(2) (V| 2] E UV )

Let K = dg, and evaluating the conditional expectations using (37) we obtain:

(Z)
Zy

(D, 1b)(W) = by(Z)' [OK IK} J(Z)" U = b,(Z)Es .

L) = 1 0] Izt =
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The projection of lv(W) onto the orthocomplement of {f)lbl : by € By} is equal
to I(W) = II [i(W)|{[D1b1](W) + Dybo(W) b e B}L} by Proposition A.2.4 in
Bickel et al. (1998). The components of [1(Z)', Z} E[E\ Ey| Z|E[EyEy| Z) L Ey be-
long to cl{b;(Z)'Ey : by € By} as By is dense in Ly and by iterated expectations

E[L,(W)h(2) ] =E [[w(2), Z) [Fy ~ E{F B\ ZIELE: Fy|2) ' Bs) Bybi(2)] = 0.

Hence [(W), the efficient score for (6, 3), has the form

B\~ E[B\BY|ZE[E, B 2) ' Bs] . (S13)

(W) = L (W) =E[ly (W)ly (W) E[lo(W)ly(W)'] 5 (W) by Example A.2.1 in Bickel
et al. (1998). To calculate this note that with Q(Z) .= J(Z)™' = E[EE'|Z]

By — Q(2)12Q(2)35E: = [Q(Z)11 — Q(2)12Q(2)35Q(Z)2,1] Uy = E[€*| Z]
from which the result follows by direct calculation. O

Proof of Lemma 7. The second claim follows from the expressions in (38) & (39).
For the first, by Assumption 9 and (37), E[||g(W)||*] < oco. By (35)

E [g(W)ba(6)] = E[e’] "E[(r(Z) — MZ1)E [eby(U, Z)|Z]] =
where M = E[XZ!|E[Z, 2] and & = (Y — X'0 — Z|8, X — n(Z), Z). By (37)
E[9(W)¢2(€)'01(2)] = E[e’] "E[(7(Z) — MZ1)E [e¢2(e, v, 2)'| Z] bi(Z)] = 0.
Lastly also E [g(W)1(£)byZ1] = 0 as by (37) and E[v]Z] = 0,
E [o(W)6: ()t Z1] = ~E[E] ™" [Eln(2) 2] ~ Elr(2) Z{]E[2: 2] 'EIZ 23] . O

Proof of Proposition 7. Assumptions 9, 10, equation (37) and Lemma 7 verify the

conditions required to apply Lemma 5. O

Proof of Proposition 8. Let 8, = B+bno/+/n with b, o — by € R . Let € €nis On,0,is
Vn 0 A o and 7, g be formed analogously to €, ., Gn.0., Vn 0 A o and 7, g with /3, in
place of 3,. As 3, € .%,, by Lemma 83 1 in Hoesch et al. (2024) it suffices to show
that Assumption 3 holds for g, : f o Gnois An g and 74, p. For Assumption

3 part (i), by Lemma S9, \/_521:1 [Gnoi — gWi)] = S, Ry = op,o(1). For
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Assumption 3 parts (ii) and (iii), note that

n

/ !/ 1 /
Voo =V == [gnoidhs; — 9(Wi)g(Wi)'] + %Gngg : (S14)

=1

For the first right hand side term, by Cauchy — Schwarz,

4 n
S [Z Sn,l] [% Z Hgn,e,iHQ Z lg(Wo)|I?
=1 i=1

As E[|g(W;)|]* < oo under Assumption 9, 3" | ||g(W;)||> = Op, ,(1). By Lemma
89 257 lgngs — 9(Wi)|2 S Sy Sni = Op, (62 +n~1), hence by the preced-
ing display, the first RHS term in (S14) is Op, ,(62 + n~'). By Assumption 11
Ellg(W)|* < co. Hence G,g,9, = Op,,(1) by the CLT and so the second RHS
term in (S14) is Op, ,(n"/2). The result now follows by the condition on v,, and
Proposition S1 of Lee and Mesters (2024). O

1 n
=3 [gu0ighpi — 9(Wg(W,)

i=1

LEMMA S9: In the setting of Proposition 8, with §, = + Zl L € m,

1

(i) HMn — M| = OPn,o(n_l/Z) where Mn = [% E?:l XiZi,z’} [% Z?:l Zl,iZ{,i}_ ;
(i) 3 320 €ni — enil® = Op,o(n7") and |5 — B[] 7| = Op, ,(n /%),
(iii) & 375y |7ni(Zi) P27 = Op, o (07) for i € {1, €}
(i) Rny = sz V5 ena[M = My) 2 = op, o(1);
(v) Rn,2 f Zz 1 r_zlém [Wn Z(Zz) - W(Zi)] = OPn,o(l)!
(vi) Ry3 = \/ﬁ Yo 8 Eni —€)f(Z;) = op, (1), where f(Z;) = m(Z;) — M Zy;;
(vii) Roa = 7z 3221 (55" = Ele?] e f (Zi) = op, ,(1);
(viti) Su = £ S0 15 ns | M = M| Zigll? = Op, o (n7);
(ix) Snp = %Zl L 155 6 [Fni(Zi) = m(Z)] |IP = Ok, ,(67)
() Sns =3 iy 157" (i — &) F(Z0)|I? = Op, o (n™");
(%) Sna = izizl (5" = B[] e f(Z)IIP = Op,,(n7").

Proof. Let 7,,(Z;) = m,,(Z;) — m(Z;). By a simplification of the argument in
Proposition S4, (S17) holds for ¢ — v+t(0, (by, 0,0)). Then P, x> P, (0.49..,0,0) =
@, by Example 6.5, Theorem 7.2 & Lemma 7.6 in van der Vaart (1998).

(i) Follows from the CLT, given the moment conditions in Assumption 9.
(ii) The first holds by standard arguments as 3, — 8 = O(n~/?) and E| Z;||> <
00; the second by the CLT and delta method.
(i) A Pag(2 S0, [F0s(Z0) P2 > K62) is bounded by Pro(Lp, 2 S50, [0(Z)|Pa? >
K62) + P, Ft. By Markov’s inequality 1 3" | ||7,:(Z;)|[2? = Op, ,(62) as

S17



by (37), (42) B[l | Fns(Z0)IP22] < E[E[Lp, [fni(Z0) 22121, Co )] S 62
where F,,; is the o(C,, ;) — measurable set on which (42) holds for index i.

(iv) Riy = 5,1 [500, Zie + 5 iy Z14(éni — €)] Vn[M — M,]'. By (i) and
(ii) it suffices to note +>", Z{e; = op,,(1) by the WLLN and
LN Zy (€ni — €) = 0p, (1) by E[ Z]|* < 00, (ii) and Cauchy — Schwarz.

(V) Rup =5, Vn(B = B)'5 2oy Zvaftni(Zi) + 8,1 = 3200, €iftni(Zi). The first
RHS term is op, ,(1) by (iii) and EZ}; < oo. For the second, by §,' =
Op, (1), Assumption 11 and Markov’s inequality it suffices to observe that
E 230 15, Tnik(Zi)%€?] < 62 by the argument in (iii) and by (43),

E [% Do D ki 1Fn1Gn7~Tn,i,k(Zi)ﬁn,j,k(zj)'ﬁiﬁj] S on = 0.

(vi) Rus = 81230 f(Z:)Z1 Jv/n(B—B,), where the bracketed term is op, (1)
by the WLLN as E[f(2)Z!] = E [x(2)Z, — E[x(2)Z|E|Z, 2} Z, 2] = 0
and the remaning factors are Op, ,(1) by (ii) and 8 — 3, = O(n~'/?).

(vii) As Elef(Z)] = E[E[e|Z]f(Z)] = 0 this follows from (ii) and the WLLN.

(vii) Sus S 52 M—MalP[E Sy @20l P2018 Bl Zaa P+ 5= Bl P Z2l
hence this follows by (i), (ii) and the moment conditions in Assumption 9.

(ix) By contiguity @, F,, — 1. As the (conditional) distribution of (€, ;, Z;)|C —;
under Q,, as that of (¢;, Z;)|Cy, _;, under Q,,, E[é2 ;| Z;,C, ;] < C a.s. by (37).
Therefore, under Q,,, E [15, 1377 | & [||7n,:(Z:)|I?] < 62, similar to in (iii),
and hence Markov’s inequality implies = 3% | &2 . [|7,:(Z;)||* = Oq, (62). By
contiguity this holds also under P, .

(x) As Sna < 52018 = Bull?s 00 1 Z0alPlIm (Z)11? + 1 M]7]| Z14]P], the result
holds by (ii), 8 — B, = O(n~"/?) & the moment conditions in Assumption 9.

(xi) Since Sp4 < (5,1 = E[€])*L 30, E(||n(Z:) 1> + [|M|*[| Z1,4]/?), this follows

from (ii) and the moment conditions in Assumption 9. O

Condition (43) The condition in equation (43) is natural when 7,,; is a leave-
one-out series estimator: 7, ;(Z;) == &, ;pk, (Z;) for pr,(Z;) a Ky-vector of func-
tions of Z; and &, ; = ;1% ?:173.# P, (Z;) X with Q,,; = [ﬁ > iz PEL(Zi)PK, (Z3) |-
Then, with ﬁ-n,z(ZJ = ﬁ-n,z(Zz) — W(ZZ) and Gn S O'(Zl, ey Zn),

E 1, Tnin(Zi)Tnjn(Zi)ei€es] = —E[1g, Tnin(Zi)6;E px, (Z;) 6 jeril Zi, Cn,—i]] -

(S15)
as by E[¢;|Z;] = 0 and independence Ele;w(Z;)|Z;,Cp. —i] = 0. The RHS of (S15) is

. 1<
—E 1Gn77n,i,k(Zi)€ijn(Zj)/Qn;m Z i, (Z0)E (X6 Z;, Cp —i] €k];
I=1,1#]
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and as E [X]¢;|Z;,C,, —;] = 0 if [ # i, therefore with u(Z;) = Elvie;|Ziley,

B R B _ 1
E[1a, Tnik(Zi)Tnjk(Z))ei€5] = =B | 1a, Tnin(Zi)eipx, (Z;) n,;ﬁpKn(Z’i)lu<Zi)
1

= - 1E [1a, e, (Z;) Qr i, (Zi) i( Z:)E (7o k(Z:) €41 Z5, Cr 5] ] -

n —

Arguing as before with the roles of ¢ and j interchanged and using (37) yields

(16,0k,(Z) Q5 0k, (Z)pr, (Z:) @ripic, (Z5)] |

. ~ E
B (16, 7oni(Zi)n (Z;)eies) | < C2 n—1)

Therefore (43) holds if the RHS is bounded above by a constant multiple of §2 /n.

S4.2.2 The LAN condition

Here I provide examples of P, and lower level conditions under which the LAN

condition in Assumption 10 holds. Let ¢, be as in (34) with

On1(by) = bl/\/ﬁa Ona(be) = Cb2/\/ﬁ> (b1,b2) € By x By, (S16)

where B, is the space of bounded functions b; : R% — R% and B, the space of
bounded functions by : R* — R which are continuously differentiable in their first
1 + dy components with bounded derivative and such that (35) hold.

PROPOSITION S4: If Assumption 9 holds, W, = [[_; R™, u — /C(u,z) € C*
and pnp =Pl ) With py as in (33). Then Assumption 10 holds.

Proof. For all large enough n each v + ¢, (h) € I'. Assumption 5 is satisfied by
construction; to apply Lemma 4 it remains to verify (24) (with h, = h). Let
Arbt = D(O.)+t(r,(bo,br,bs¢))» T € [0,00) and let g = go 0. For all small enough 7,b
and t, v + (7, (bo, b1,02C)) € T'. It suffices to show

t - 2
/ [qi,/bi—ql/z—§((r',bg>Z—¢'bl+b2)ql/2] dv=o() astl0, (S17)

where [(W) = —¢(e(8, B),v(r), Z)[X', Z]]'. Note that t — /Grp; € C' follows

from (e,v) — /((e,v,2) € C'. Under g, s, alogazf’b't

li=s has the same law as

Eys = —¢1(e,v, Z2)[ X', Z1) (7, by)" — da(e, v, Z) by (2)
(€,v,7Z) — sby1(e,v, Z)[ X', Z1])(7', b)) — sbaa(e, v, Z) by (Z)
1+ sby(e, v, Z) ’

b
42
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where b, ; indicates the derivative of (e,v) — bay(e, v, 2) in the i-th argument. Take
a neighbourhood of 0, U = [0,0) such that 1+ sby(e, v, Z) is bounded below. Let
B i= C[1(e,v, 22X + 1217 + gale, v, Z)I + [IXI? + |1 Z)? + 1] for some
positive constant C'. Provided C' is large enough, by Assumption 9 E? < E? as.
and EE? < co. Therefore, as B2 — E? pointwise, EE?2 — EE?, which verifies
that Lemma 7.6 in van der Vaart (1998) applies, whence (S17) holds. O

S5 Additional simulation details & results

S5.1 Single index model

As discussed in Section S2.1, locally regular C(«) tests do not exhibit size dis-
tortions when nuisance parameters are estimated under shape constraints. Here
I explore this in simulation, using Example 1 with % restricted to contain only
monotonically increasing functions. I set Hy : § = 6y = 0 and consider three pos-
sible link functions: f; is a logistic function, whilst f; and f3 are double logistic
functions which include a flat section in between two increasing sections. These
functions are formally defined in (S18) below and plotted in Figure S3. Each con-
sidered link function has flat sections which may cause monotonicity constraints to
bind in the estimation of f. I explore the effect this has on the rejection frequen-
cies of the 1, g, test as described on p. 20 and an Ichimura (1993) — style Wald
test. Both tests are computed with f, f’ estimated by 9 monotonic I — splines (e.g.
Ramsay, 1988), whilst Z; is estimated using 6 cubic B — splines. As 7 > 0 in this
design, v = 0. € is drawn from a standard normal and the covariates are drawn
as X = (Z1,0.2Z, + 0.4Z5 + 0.8), where each Z; ~ U(—1.5,1.5) is independent.

The f; functions used are as follows. Let b(z) := 1{z > 0} exp(—1/x) (a bump
function) and form the smooth transition function a(x) == b(z)/(b(z) + b(1 — z)).
Then with g(v;a,b) = 1/(1 + exp(—(z — b)/a)), a logistic function, let

fi(v) = 8¢(v,0.25,0) ;
fo(v) = 4[1{4v < —1}g(4v,0.4,-3) + 1{4v > 1}(1 + g(4v,0.4,3))

+ 1{1— < 4v < 1}a((4v +1)/2)(1 + g(1,0.4,3) — g(—1,0.4, =3))]
f3(v) = 4[1{3v < —1}¢(30v,0.2, =3) + 1{3v > 1}(1 + g(2v,0.2,3)) ;

+ 1{1— < 3v < 1}a((3v +1)/2)(1 + ¢(1,0.2,3) — g(—1,0.2,-3))] .
(S18)
Table S1 displays the empirical rejection frequencies attained by 1, g, and

the Wald test. The former provides rejection rates close to the nominal level
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of 5% in each simulation design considered. The Wald test displays substantial
overrejection in each simulation design. The 3 panels of Figure S4 depict the
finite-sample power curves for f = fi, fa, f3 respectively. In each panel, the Wald
test shows a relatively slow increase in power as § moves away from 6y with 1, g,

providing a much higher rate of increase in power as 6 deviates from the null.*

S6 Tables and Figures

Figure S1: Index functions f;(v) = 5exp(—v®/2¢3)

(a) f (b) £’

Figure S2: Index functionsf;(v) = 25 (1 + exp(—v/c¢;)) ™"

4The power of the Wald test exceeds that of ¥n,0, around the null. However, this is not a
like-for-like comparison, as the Wald test over-rejects; see Table S1.
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Figure S3: Double logistic index functions as in (S18)

Table S1: ERF (%), index function as in (S18)

Un, 6, Wald

n f fa f3 1 fo f3

400 5.72 5.38 5.78 28.58 26.06 34.22
600 5.82 5.06 5.70 26.56 23.04 35.22
800 5.28 5.08 5.62 23.72 19.94 32.88

Figure S4: ERF (%), index function as in (S18)
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