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S1 Notation

x := y means that x is defined to be y. The Lebesgue measure on R¥ is denoted by
Ai or )\ if the dimension is clear from context. The standard basis vectors in R¥
are eg,...,ex. For any matrix M, MT is its Moore — Penrose pseudoinverse. We
make use of the empirical process notation: Pf = [ fdP, P,f == %2?21 f(Y2)
and G, f = /n(P, — P)f. For any two sequence of probability measures (Q,,)nen
and (P,)nen (where @, and P, are defined on a common measurable space for
each n € N), ,,< P, indicates that (Q,,)nen is contiguous with respect to (P,)nen-
@, <> P, indicates that both @, < P, and P, <@, hold, see van der Vaart (1998,
Section 6.2) for formal definitions. X L Y indicates that random vectors X and
Y are independent; X ~ Y indicates that they have the same distribution. a < b
means that a is bounded above by Cb for some constant C' € (0, 00); the constant
C may change from line to line. ¢l X means the closure of X. If S is a subset of
a vector space, lin S or Span .S means the linear span of S. If S is a subset of a
topological vector space, lin S or clSpan S means the closure of the linear span
of S. If S is a subset of an inner product space (V, (-, -)), S+ is its orthogonal
complement, i.e. St ={r eV :(r,s)=0forallsec S} If SCV iscomplete
(hence a Hilbert space) the orthogonal projection of x € V onto S is II(z|S). The
total variation distance between measures P and () defined on the measurable
space (2, F) is dpy (P, Q) = supcr |P(A) — Q(A)]. %5 denotes weak convergence
under the sequence of measures P,. If the sequence of measures is clear from

context, we write just ~-.

S2 Additional results

S2.1 A consistent estimator of the Moore — Penrose pseu-

doinverse

As is well known, the Moore — Penrose pseudoinverse of a matrix is not a contin-
uous function on the space of positive semi-definite matrices (see e.g. Ben-Israel
and Greville, 2003, Section 6.6). In consequence, if one has a consistent estima-
tor M, of some matrix M, it need not follow that MT is consistent for MT. A
necessary and sufficient condition for this convergence in probability to occur is
that rank(2,,) = rank(M) with probability approaching one as n — co (Andrews,
1987, Theorem 2).

Here we record a construction given in the supplementary appendix to Lee



and Mesters (2024a) which results in an estimator M, which is consistent for M
and satisfies rank M,, = rank M with probability approaching one as n — oo and,
in consequence, M,TL is consistent for MT. This construction requires an initial
estimator with a known rate of convergence and is based on a spectral cut-off
regularisation scheme. It is very similar to that considered in Liitkepohl and
Burda (1997) and is a special case of the larger class of regularisation schemes
considered by Dufour and Valéry (2016). That this results in an estimator with
the claimed properties is recorded in Proposition S2.1 below, which is proven in
Lee and Mesters (2024b).!

In particular, suppose that the sequence of (random) positive semi-definite

(symmetric) matrices (M, )nen (of fixed dimension L x L) satisfy
Py (| M, — Myl2 < vi) = 1, (S1)

for a sequence (P,)nen of probability measures, a known non-negative sequence
v, — 0 and a sequence of deterministic matrices M, — M with rank(M,) =
rank(M) for all sufficiently large n.> Let M, = Un]\nUg be the corresponding

eigendecompositions and define
M, = UnAn(Vn>U7lz ) (S2)

where A, (v,,) is a diagonal matrix with the v,,-truncated eigenvalues of M, on the
main diagonal and U, is the matrix of corresponding orthonormal eigenvectors.
That is, if (\n)=, denote the non-increasing eigenvalues of M,,, then the (i, i)-th
element of A, (v,) is 5\ml(5\m > V).

PROPOSITION S2.1 (Proposition S1 in Lee and Mesters (2024a)): If (S1) holds,
M, — M and for all n greater than some N € N rank(M,) = rank(M), then
M, Loy M and

P, (rank(Mn) = rank(M)) — 1,

Dufour and Valéry (2016) prove an analogous result (their Proposition 9.1) for a broader class
of regularisation schemes. However the statement of their result involves an additional rate
term (which satisfies their Assumption 2) as compared to the result stated in Proposition S2.1.

2(S1) is implied by || M,, — M, || = op, (v,,) for any matrix norm. Moreover, the existence of such
a sequence (Vi )nen is guaranteed if HMn — M,l|l2 — 0 in P,-probability, however its explicit
knowledge is necessary to perform the subsequent construction. In most cases M, = M for all
n € N.



where M, is defined as in (S2). In consequence,

AR Vel

S2.2 The quotient space [,

I first briefly recall some preliminaries regarding quotient spaces, for the conve-
nience of the reader. Following this a lemma used during the development of the

power bounds is established.

S2.2.1 Preliminaries on quotient spaces

Let X be a linear space and V' a subspace of X. The quotient of X by V, X /V
is a linear space whose elements are the cosets [z] =z +V ={z+n:n eV}
(for z € X). x (or any other member of [z]) is a coset representative. The zero
vectorin X /Vis [0]=0+V =V.

Vector addition and scalar multiplication are defined according to:
[z +y] = [z] + [y], [azx] :=alx] forall [z],[y] € X /V and all a € R.

The map 7wy : X — X /V defined by 7y (z) = [z] is the natural projection or
quotient map. Ty is a surjective linear transformation with ker 7y = V' (Roman,
2005, Theorem 3.2).

There are two main cases of interest in the present paper. In the first, X is a
linear space equipped with a positive semi-definite symmetric bilinear form, (-, -).
Let ||-|| be the corresponding semi-norm formed in the usual way: ||z|| = /(z, x)
and let V := {z € X : ||z| = 0}, which is evidently a subspace of X. We define

an inner product on X /V as follows:

(2], Dy = (x, ).

Symmetry and linearity in the first argument of (-, -),, follow from the correspond-
ing properties of (-, -). For positive definiteness, suppose that [z] # [0]. Then,
(z, z)y, = ||z||* > 0 since z ¢ kerm, = V. In consequence (X /V, (-, -);) is an
inner product (pre-Hilbert) space. The induced norm on X /V evidently satisfies
[z]llv = llmv (@)llv = [|=]].

In the second case of interest, X is a linear space equipped with a semi-norm
|- |l Let V :={z € X : ||z|| = 0}, which is evidently a subspace of X. We define



a norm on X /V as follows:

Iy = [l

This definition ensures that (X / V.|| -||v) is a normed space (Rudin, 1991, 1.43).

S2.2.2 A lemma on the kernel of m;

LEMMA S2.1: Suppose Assumption 3.1 holds and B, is a linear space. Let ]

denote the restriction of m to H.,. Then, the closure of ker m} in HT7 15 ker 7.

Proof. Since 7 is continuous, kerm; = 7, '({0}) is closed. Hence it suffices to
show that

kerm = {[h] € H, : [h] = [0,b]} C clker 7} = cl{[h] € H, : [h] = [0, b]}.

Let [h] = [0,b] € kerm;. There is a sequence H, > [h,] = [t,,b,] — [h]. Decom-

posing the norm, we have that

[[7a] = [R]lly = T (o] — T [ [|y + T[] — TI[A][],
= t,Zytn + | [ta, 0] + [0,b,] — [0, 8]l

dg
=1, Tytn + || Y ta e, 0] + [0,b,] — [0, 8]
j=1 ,
= t,Zytn + |ltne + [0,0,] = [0,0]]],,
with e = (Il[e1, 0], ..., I[eq,, 0])’, where e; is the j-th canonical basis vector in
R%. For each n € N, there are &, = ([0,b1,], - . -, [0, ba,.n])’ With each [0,b;,] € H,
such that )
0,b;,] — Ofe;, 0]]] < ,
H[ » 05, ] [6] ]H > n|tn,j|

Hence, putting [0, b,] ==t/ &, + [0, b,], we have
7 I / / do
1[0, bu] = [0, 0]l < lltneén — thelly + [ithe +10,ba] = [0, b]lly < —= + 0(1) = o(1).
Since each [0, b,] € ker 7}, the limit [0, ] € clker«. O

S2.3 Uniform Local Asymptotic Normality

The equivalence discussed in Remark 3.2 is proved in Proposition S2.2 below,

which is an adaptation of Theorem 80.13 in Strasser (1985). H., is assumed to be



a subset (containing 0) of a linear space equipped with some pseudometric.

AssuMPTION S2.1 (Uniform local asymptotic normality): L, ,(h) satisfies
1 2
Luy(h) = Bush = Sl Ay hl” + Bapy (),

where h = (1,b), A, : lin H, — L(P,.,) are bounded linear maps and for any
hy, = h in H,, R,(v,hy) o, Additionally, suppose that for each h, — h in

H.,, (Ap~hn)nen is uniformly square P, ,-integrable and

Py .
(Do Dush) 55N (00 (1), oy(B) = Tim A, 0%

REMARK S2.1: Assumption S2.1 ensures that the pairs of sequences (P, )nen and

(Ppy.h Jnen are mutually contiguous for any h, — h € H, (see e.g. van der Vaart,
1998, Example 6.5).

REMARK S2.2: In Assumption S2.1, the assumption of joint convergence of (Aphy,, Ayh)
is nedeed only because H., is not required to be linear. If H., is a linear space this

follows from the Cramér — Wold Theorem given the definition of o.(h).

REMARK S2.3: If (A, )nen is asymptotically equicontinuous on compact subsets
K c H,, then h, — h in H, implies |A, (h, — h)|| = 0. In consequence
(ApAh)nen being uniformly square P, ,-integrable and A, ,h Y N(0,0,(h)) for
each h € H,, suffices for (A, o hp)nen being uniformly square P, . -integrable and

1 1
(Anﬁhm Anﬁh)/ = <O 1) (An,'yhn - An,vhv An,ﬂ/h)/

for any h, — h € H,.?
If H., is a Banach space metrised by its norm, the equicontinuity of (A, )nen
is guaranteed as uniform boundedness of (A, )nen (hence equicontinuity on H.)

is implied by uniform square P, -integrability of (A, h)nen for h € H,.

PROPOSITION S2.2: Assumption S2.1 is equivalent to Assumption 3.1 plus asymp-
totic equicontinuity on compact subsets K C Hy of (Apy)nen and (b — Py p)nen,
where the metric on the relevant space of probability measures is dry .

SEach A, ,hy, € La(P, ) by definition.




Proof. Suppose first that Assumption 3.1 and the asymptotic equicontinuity con-
ditions hold. Let h, — h in H,. By asymptotic equicontinuity of (h + P, p)nen,

pnv’Yvhn _ pn,’y,h

lim dTV(Pn,y,hn; Pn,%h) =0 = lim

n—oo n—oo

dP, 0 = 0.

pn7’770 pn7770

In combination with (compact) asymptotic equicontinuity of (A, ,)nen, this yields

By oy (hn) = B (h) = Ly (hn) = Ly (h) + 0p, (1) = o, , (1).

That (A, 4y )nen is uniformly square P, ,-integrable and the required joint weak
convergence under P, . follows from the asymptotic equicontinuity of (A, )nen
on compacts as discussed in Remark S2.3.

For the converse suppose that Assumption S2.1 holds. We need to prove only
the asymptotic equicontinuity conditions. It suffices to show that (i) ||A, (A, —
h)|| = 0 and (ii) drv (P hy s Pryn) for any b, — h with hy,,,h € K C H,. (i) holds
since for any convergent h,, = h € H, we have A,, ,(h,—h) = (1, =1)(A, 1, Ay b)) LN
0 and so by the square uniform integrability and e.g. Theorem 2.7 in Serfozo
(1982), [|A(hy — h)||*> — 0. That (ii) holds follows from Lemma S2.4 and

1 1
Lnﬂ(hn) - Lnn(h) - Annhn - §||Ann/hn||2 + Rnﬁ(hn) - Annh - §”Anﬂh”2 + Rnw(h)
= OPn,’y(]‘)7

since Ry, (hy) = op,_ (1), Roq(h) =op, (1) and | A, (h, — h)||* = 0. ]

The following Lemmas provide conditions which can be useful for demonstrat-

ing (compact) equicontinuity in the i.i.d. case.

LEMMA S52.2: If H, is a linear space and A, h = \/iﬁ Yo ALk for some bounded
linear map A, : Hy — Lo(FPy), then (h— A, h)nen is equicontinuous on compact
subsets of H., in Ly(Py).

Proof. Let K C H, be compact and note that for any h, — h (all in K),
[Anq (hn = W) = |Gn Ay (B = R)I| = [[Ay (B = R)I| < [[Ay[[[[P — A]| = 0. O

LEMMA S2.3: Let I',T” be subsets of linear spaces, H a subset of a seminormed
linear space H' and W C RE. Suppose V is the intersection of a neighbourhood
of 0 in H with H and ¢ : H — 1" is a linear map such that y + sp(h) € T' for



each s € [0,1], heV andy €. LetU = {y+ o(h): h € V}. If

(i) For eachy € I, P, is a probability measure on (W,B(W)), dominated by a

o — finite measure v, with corresponding density py;

(i) t = \/ Dyt (W) is absolutely continuous on [0,1] for all v, € U, h € V

and w € W;
(111) For allv, €U, h €V, gy, ns(w) = %ths satisfies
Py tsom) (@ ns] < m(s)||R]J?,
for m :[0,1] — [0, 00) with fo s)ds < 0o.!

Then there is an N such that for alln > N, the functions h = Pnyp = P2, ) o

are dpy —Lipschitz with a common Lipschitz constant. Consequently, {h — P,

n > N} is uniformly equicontinuous in dry .

Proof. Let h* € H and let h := (h* — h). For all large enough n, h/y/n and
h/\/n belong to V and hence also o, = v + @(h/y/n) € U. Therefore, by (ii)
Qs iy vins (W) exists for almost every s € (0,1) and

\/pyw h*/f \/p7+<p h/f \/pvo nto( h/f)( w) — Do, (w)

1 1
= 5/(; q’YO,nfﬁ/\/ﬁuS(w)\/p’)’o’n—‘r&p(ﬁ/\/ﬁ) (w) dS.

By Fubini’s Theorem, Jensen’s inequality and (iii),

2 1 1
2
b/(y@%%pmmf> = \/Prrenrm () dVS;;/:L Do (W) P sl (W) s A

1 [t )
fd 1/07 /q'}/(),njl/\/ﬁ,s(w> p’YO,n“FS(P(iL/\/ﬁ)(w) d]/ dS

1 ! ||’};’||2

< — —_—
4/0 m(s) - d
M Hh* — h”2

4n

where M = fo s)ds. Therefore, by Lemmas 2.15 and 2.17 of Strasser (1985),

V2M | .
dTV(Pn,y,h*a Pn,%h) < THh - h” [

44y, h,s(w) exists almost everywhere on (0,1) under (ii).



S2.4 Convergence of log-likelihood ratios and convergence

in total variation

LEMMA S52.4: Suppose that for h,,g € H,, P, ,< P, and

Lnﬁ(hn) - Ln,v(g) = OPn,»y(l)'

Then dTV<Pn,7,hn7 Pn,ﬁ/,g) — 0.

Proof. By the continuous mapping theorem and Le Cam’s first lemma (e.g. van der
Vaart, 1998, Lemma 6.4),

ERI — exp (L () = Lag (9)) =25 1.

Pnyy.g
By Le Cam’s first lemma again, P, 5, < P, 4. Let ¢, be arbitrary measurable
functions valued in [0,1]. Since the ¢, are uniformly tight, Prohorov’s theorem
ensures that for any arbitrary subsequence (n;);en there exists a further subse-
quence (1, )men such that ¢, ~» ¢ € [0,1] under P, - . Therefore by Slutsky’s

Theorem
((ﬁnm M) ~ (¢,1) under P, .

pnm,’y,g
By Le Cam’s third Lemma (e.g. van der Vaart, 1998, Theorem 6.6), under P, , 5,
the law of ¢, converges weakly to the law of ¢. Since each ¢,, € [0, 1]

lim [anmhnm Py — an,%ggbnm} =0.

m—00

As (n;)jen was arbitrary, the preceding display holds also along the original se-

quence. O

COROLLARY S2.1: Suppose that Assumption 3.1 holds and H, is a linear space
equipped with the semi-norm || - ||,. Then, if h,g € H., are such that ||h—g||, =0,
dTV(-Pn,'y,hy Pn,’y,g) — 0.

Proof. By Assumption 3.1, the reverse triangle inequality and o.,(h—g) = |[|h—g]|,
we have that Ly, (h) — L,(g) = op,(1). Noting Remark 3.1, apply Lemma S2.4
with each h,, = h. O



S2.5 Orthogonal projections
PROPOSITION S2.3: Let Hy and Hs be subspaces of a Hilbert space H. For any
he H, let h == T[h|H{). Then,

I [h|(Hy + Hy)*] = h— 1L [h|cl(H; + Ho) N HE] = h—11 [ﬁ‘cl(Hl + Hy) N H}| .

Proof. That the last equality in the display holds is an immediate consequence of
the fact that h = h — I1[h|H,] and H, L Hi- by definition. For the first equality,
by (A.2.11) of Proposition A.2.4 in Bickel, Klaassen, Ritov, and Wellner (1998),

I1[h| cl(Hy + Ha)] = 11 [h| cl(Hy + Ha) N [cl Hy] ™| + I1[h] c] Hy]
=11 [h|cl(Hy + Hy) N Hi' | + I [h|cl Hy].

Hence
I1 [h|(Hy + Ha)"] = h — IL[h| cl(H; + H,)]
=h—1I[h|cl Hi] — II [h| cl(Hy + H2) N H{]
= h— 11 [h| cl(H, + Hy) N H . O

PROPOSITION S2.4: Let Hy and Hy be subspaces of a Hilbert space H. Define
h = [h|H{] for h € H. Then

l(Hy + Hy) N Hif = cl{h: h € Hy}.

Proof. Firstly let f € cl(H, + Hy) N H{. So there are scalars a;, such that
f =2 ai(hi; + he;) with each hy; € Hy, he; € Hy and f € Hi". Let g ==
— > 2, a;ll[hy;| cl Hy]. Suppose that f; = > 2 a;h1; # g. Thenif e = f; — g
one has e € cl Hy and ||e|| > 0. Therefore,

(f,e)= Za (has, €) — Za ([hy,| L Hy], €) + (e, e)

= a; <;L27i, e> + (e, e)

1

.
Il

—~

e, e)

\Y
o

10



But this contradicts the fact that that f € Hi- as e € cl H;. Hence

o0 o0

= Z a; [ho; — [hg ;| cl Hy] = Z aiha,,
i=1 i=1
thus f isin cl{h: h € Hy}.5
Conversely, let f € cl{h : h € Hy}. Then

o0

f= Z G¢7L2,i = Z a; [h2,i - H[hQ,i| cl H1H
i=1

=1

Since each ;Lg,i = h27i—H[h27i| ClHl] € C1H1—|—C1 H, C CI(H1+H2), f € CI(H1+H2)
Moreover, by definition, fzg,i € Hi. Therefore for any hy € H,

o0

<f7 h1> = Zai <7LQ¢, h1> =0,
i=1
hence f € Hi-. That is, f € cl(H; + Hy) N Hy-. O

LEMMA S2.5: Let X be an integrable random vector in RX defined on a probability
space (2, F,P) and let Fy be a sub o — field of F. Then, E[X|Fy] =0 (P-almost
surely) if and only if E[X Z] = 0 for all bounded Fy — measurable random variables
Z.

Proof. Suppose that E[X|Fy] = 0. We have
E[XZ] = E[E[XZ|F]| = E[E[X]|Fo]Z] = 0.

Conversely suppose that E[XZ] = 0 for all bounded Fy, — measurable random
variables Z. Let A € Fy and set Z := 1,4. Clearly EZ? < 1. Let Y be any of the
conditional expectations E[X|Fp]. Then, by definition,

/YdP:/XdP:/XZdP:E[XZ]:O.
A A

Now, suppose {Y # 0} has positive measure. Then one of {Y > 0} or {Y < 0}
must. Say the first, the argument for the latter is analogous. This is {Y > 0} =
E = Uy E, for E, = {Y > 1/n}. So one Ej at least has positive measure. So

5That {71 : h € H} is a linear subspace (and hence equal to its linear span) is clear as it is the
image of the linear subspace Ho under the linear operator I1; := I1[-|Hi-]. Hence cl{h : h € Hs}
is the closed linear span of {h : h € Hs}.

11



[y Y dP > fEdeP > fEk 1/kdP = P(E))/k > 0. But this is a contradiction
since E' € Fy. O

COROLLARY S2.2: Let (U, X) be a random vector on a probability space (§2, F,P)
with U € Lo(P) and E[UU'| X non — singular almost surely. Let B C Ly(Q,0(U, X), P)
be the set of bounded functions b of (u,x) such that E[b(U, X)U|X] = 0. Then

cddB={UZ: Z is a bounded, o(X)-measurable random variable}*.

Proof. Suppose that b € B. Then E[b(U, X)UZ] = E[E[bU, X)U|X]Z] = 0.
Conversely suppose that b € Ly(€2, 0(U, X), P) is such that E[b(U, X)UZ] = 0 for
Z any bounded o(X) — measurable random variable. By Lemma S2.5 this implies

that E[b(U, X)U|X] = 0, whence by Lemma C.7 in Newey (1991) b € cl B. O

THEOREM S2.1: Let H be a Hilbert space. Let (hy)nen be a sequence in H, h € H,
(Lp)nen be a sequence of closed (proper) linear subspaces of H and L a closed
(proper) linear subspace of H. Set g, = I(h,|L,) and g :=II(h|L). If
(i) hy — h;
(ii) for each f € L, there is a sequence (fn)nen and a N € N such that f, — f
and f, € L, forn> N,

then g, — g.

Proof. Let II,, denote the projection onto L, and II that onto L. We consider
first the case where h,, = h for each n € N. Then g, = II,h. We will show that
any subsequence of (g, ),en has a further subsequence which converges to g. In
particular, any subsequence of (g, )nen is bounded since ||I1,,|| = 1. Hence it has
a weakly convergent subsequence, say (¢n,)ren (Royden and Fitzpatrick, 2010,
Theorem 16.6). Let ¢g* be this weak limit. By self-adjointness and idempotency

of orthogonal projections
(G s i) = Wby W h) = by T h) — (B, g7) - (S3)

Let f € L. By hypothesis there is a sequence (f,)neny with f,, — f and f, € L,
for all sufficiently large n. Hence f,, — f and f,, € L,, for all sufficiently large
k. Therefore, since h —II,, h — h — g%,

<h_g*7f>zklggo<h_gnk>fnk>:0

by Proposition 16.7 in Royden and Fitzpatrick (2010) and the fact that h — g, €

12



Lﬁk for each k. In consequence ¢g* = IIh = g. Therefore, by self-adjointness and
idempotency of IT and (S3)

Jim (Ing » Gnp) = (B, TTh) = (ITh, ITh) = (g, g) ,

and hence by the Radon — Riesz Theorem (e.g. Royden and Fitzpatrick, 2010, p.
315) gn, — g. As the initial subsequence was arbitrary it follows that g, — g¢.

To complete the proof let h,, — h be an arbitrary convergent sequence. Then
lgn = gll = [nhn, = TTR[| < ([P, =TI Pl [T o= TTR| < [| gy — ol 4 [[TTh—TIA|.

The first term on the right hand side converges to zero by assumption; the second

by the case with h,, = h proven above. O]

S2.6 Uniform results under a measure structure

Assume that (H,,S,Q) is a finite measure space, where both the o-algebra S
on H, and the finite measure () are arbitrary. With such a structure uniformity
over “large” subsets holds under measurability assumptions as a consequence of
the pointwise result recorded in Remark 3.4 and and Egorov’s Theorem (see e.g.
Dudley, 2002, Theorem 7.5.1).

COROLLARY S2.3: Suppose the conditions of Theorem 3.1 hold, (H,,S,Q) is a
finite measure space and the functions h = (1,b) — 1,(7,b) are measurable. Then,
for any € > 0 there is a K € S such that Q(H, \ K) < ¢ and

lim sup |m,(7,b) —n(7)| =0,
n=0 (rh)eK

for m, and 1 as defined in Remark 3.4.

Proof. Let 1, (h) = Py, nbne and mt(h) =1 —P(x2(a) < ¢,) if r > 1 or 7t(h) = 0
if r = 0. By Remark 3.4, m,(h) — m(h) pointwise in h € H,. 7 is measurable as
the pointwise limit of measurable functions (e.g. Dudley, 2002, Theorem 4.2.2).
By Egorov’s theorem (e.g. Dudley, 2002, Theorem 7.5.1), 7, (h) — 7t(h) uniformly

on a K satisfying the given requirements. [

One set of sufficient conditions for the measurability requirement in the state-
ment of Corollary S2.3 is: H, is a topological space, S its Borel o-algebra and

each h — P, ,1,9 = m,(h) is continuous. The last requirement holds a fortiori

13



if each h — P, is continuous in total variation.
If one requires only a uniform version of Corollary 3.1, one may place the

measure structure only on H., .

COROLLARY S52.4: Suppose that the conditions of Corollary 3.1 hold, that (H.(,S, Q)
is a finite measure space and that the functions h = (1,b) — 1,(T,b) are measur-
able. Then, for any € > 0 there is a K € S such that Q(H, o\ K) < € and

) a ifr>1
lim sup P, 5 1 ¥n0 = .
" heK 0 ifr=0

Proof. Let m,(h) = P, 1¥ne and m(h) = a if r > 1 or m(h) = 0 if r = 0.
By Corollary 3.1, m,(h) — m(h) pointwise in h € H, . Since 7 is a constant
function it is measurable. By Egorov’s theorem (e.g. Dudley, 2002, Theorem
7.5.1), m,(h) — m(h) = c uniformly on a K satisfying the given requirements.
Hence,

lim sup 7, (k) < lim sup |m,(h) — ¢| + ¢ = ¢ = (h). O

n—oo heK n—oo heK

S2.7 Attaining the power bounds

The proof of Theorem 3.5 relies on the following result.

THEOREM S2.2: Let (2, F,P) be a probability space, H a linear space and B C H
a linear subspace of H. Suppose that G, is a Gaussian process on (2, F,P) with
index set H and covariance kernel K, for each n € N and that G is a Gaussian
process on (Q, F,P) with index set H and covariance kernel K. Suppose that
K,(h,g) — K(h,g), h,g € H. Let H be equipped with the positive semi - defi-
nite, symmetric bilinear form defined as (h, g) = K(h,g) and suppose that H is
separable under the induced pseudometric.
Fiz h,g € H and define

X, = (Gp,h,E[G,9|9,)]) X = (Gh,E[Gg|¥]),

where 9, = oc({Gnf : f € B}) and 9, = o({Gf : f € B}). Then X,, ~ X.

Proof. We first note that cl{Gb : b € B} is a Hilbert space when viewed as a
subspace of Ls, i.e. once functions a.e. equal have been identified. Hence an
orthonormal basis (b;)jey C clB of cl{Gb : b € B} C Ly exists. Let G, =
c({Gub; : i € N}) and G == o({Gb; : i € N}). Let By, = (b1,...,bn), G =
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o({Gp,b: b€ B,}) and G™ := o ({Gb: b € B,,}). Define
X" = (G,h,E[G,g|G]), X™ = (Gh,E[Gg|G™]) .

Since G,, G are Gaussian processes, the conditional expectations in the preceding
display can be written in closed form. Specifically let Z™ := (G,h, G,g, Gnb1, ..., Guby)’
and Z™ = (Gnh, Gg, G,b, ..., G,b)". Then

Zm ~ N(0,5™),  Z™ ~ N(0,5™).

Partition ¥£™ so that it is conformal with Z* = Gh, ZJ' = Gg and Z35" =
(Gpb, ..., G,b), ie.

and similarly for 7" and Z;*. Then we have

X;' = (Guh, E[Gug|Gy) = (2

w Zas = [En128E0 155 705)
and similarly

X™ = (Gh, E[Gg|G™]) = (21", Z3" — [X"]2[5"]5325") -

Since K, (hi,he) — K(hy, hy) for all hy,hy € H, ¥ — ¥™ as n — oo and
therefore the inverses in the preceding displays exist for all sufficiently large n
since B,, is orthonormal. By X7 — X", Levy’s continuity Theorem and the

Cramér — Wold Theorem, Z]* ~~ Z™. Hence,
X~ X (S4)
Let IT™ be the orthogonal projection onto S,, = Span{Gb : b € B,,}. Then,
X" = E[Gylg"™] = E[Ggl#™] = II"Gg,

by Theorem 9.1 in Janson (1997). The S, are such that S,, C S,,+1 and S =
c{Gb: b € B} = clUpenSm. By Theorem S2.1 and Theorem 9.1 in Janson (1997),
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IE[Gg|¢™] — E[Gg|9]||r, = [[1I™Gg — T1Ggl|, — 0 and so
X" X (S5)

Define Y,, = E[G,h|G,], Y, = E[G,h|G"], Y™ = E[Gh|G™] and Y = E[Gh|]].
By Theorem 9.1 in Janson (1997), Y, € cl{G,b: b€ B} and Y, € {G,b: b € B,,},
hence

Y, =Y ~N(0,02,,),  op,, = Var(Y, = Y").

By Theorem 9.1 in Janson (1997), Y,, = E[G,h|9,,| and Y, = E[G, h|¥4"]. There-

fore,

2

P(||X, — X™| >¢) =P(|Y, — Y| >¢) < Cexp (— - ) . (36)
We show next that o, — o, = Var(Y —Y™). For this let fo == h, f; = b,
i € N. Consider the restricted processes F,, == (F,,;)ieny and F' = (F});eny where
F,i.=G,fiz1 and F; = Gf;11. F, and F are random elements in (R*, d) where
d is the metric given in Example 1.2 of Billingsley (1999). Hence F,, ~» F in
(R>°,d) by Example 2.4 of Billingsley (1999). By this and the fact that (R*,d)
is separable (e.g. Billingsley, 1999, Example 1.2), the Skorohod representation
Theorem (e.g. Billingsley, 1999, Theorem 6.7) yields random elements F, and
F defined on a common probability space such that F, — F surely and with
L(F) = L(F) and L(F,) = L(F,). Thus F, and F are Gaussian processes. In
particular, COV(FM,FW) = K,(fi. ;) = K(fi, [;) = COV(FZ-,F]-) which implies
each (ﬁ’n,i)neN is uniformly square integrable. As (R* d) has the topology of
pointwise convergence (Billingsley, 1999, Example 1.2), each Fn,i — F} surely.

Hence F’m L2, F,. By the equality in law one has that

?nm = ]E[Fn71|a({ﬁ’n7i 2<i<m})]~Y", Y, = ]E[Fn1|a({ﬁ’m ieNi£1}P)]~Y,

and

Y™ =E[F|lo({F:2<i<m})] ~Y™, Y =E[R|o({F:ieN,i#1})] ~Y.
Let ST = Span{Fm :2<i<m}, S, = clSpan{ﬁn,i i€ Nji# 1}, 8™ =
Span{F; : 2 <i<m} and S := clSpan{F; : i € N,i # 1} all considered as subsets
of Ly. Then

Y™ =T[E,,|S™, Y, =T[F.,|S,), Y™=TI[F|S™], Y =I[F]|9],

n
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By Theorem 9.1 in Janson (1997). We will apply Theorem S52.1 twice (in Ls). It is
straightforward to check the hypotheses are satisfied with (i) L, = 5™, L := S™;
(ii) L, = S,, L =5 and h, = ~n71, h = F, in both cases. Then by Theorem
2.1,

e e e G | T A A T D A

hence o7, = Var(Y,—Y") = Var(Y,—Y") — Var(Y =Y™) = Var(Y —=Y™) = 02,.

The penultimate step is to show that o2, — 0. For this, we note that ¥ =
II[Gh| cl{Gb : b € B}| and Y™ = I1|Gh| Span{Gb : b € B,,}|. Set L,, = Span{Gb :
be By} and L :=cl{Gb:be B}. It is easy to check the hypotheses of Theorem
S2.1 (with m in place of n) hold, with the second following from the choice of B,,.
Hence Y™ 22 V and so 02 = Var(Y —Y™) — 0. In conjunction with (S6) we

have

2
lim limsupP (|| X, — X)""|| > ¢) < lim limsup Cexp (— i ) =0. (S7)
M—=00 n_ 0o m—=o0  p—oo Onm

The result now follows by applying Theorem 3.2 in Billingsley (1999), noting that
equations (S4), (S5) and (ST7) verify the required hypotheses. O

S3 Additional details and proofs for the exam-
ples

S3.1 Single index model
S3.1.1 Proofs of results in the main text

Proof of Proposition 4.1. We verify the conditions of Lemma 3.8. That (each
component of) g, € LY(P,) follows from the facts that under Assumption 4.1,
for W ~ P,, E[g,(W)] =E[E[g,(W)|X]] =0 and

E [Q%k(W)ﬂ § E

E[w(X)XQ,k|V9])2 <EX?, < o0
~ 2, ?

‘ (X " T Ew(X)|Vi]
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by w : RX — [w,®] and the first part of (29). For any b € B,, if W ~ P,
E[ebs(e, X)|X] = 0 by (26) and hence

Bl (W), 107)] = & |a) (e/06) (X = P52 ) (Cote XV + afe, X))

E[w(X) X[V
Ew(X)|Va ) W@)]

_E [—E ed(e, X)IX] F (Vi) w(X) (X2 _

+E [Bleb(e, XIX] £ ()o(x) (X - e men )

[
:E[f’(Ve) (E[w(x)x2|ve]—E[ wiX fé[%]&;%)&w)bl%)}

= 0. O

Proof of Proposition 4.2. For condition (i) of Asssumption 3.3, we start by ob-

serving that

)

Zgnez gw Zal

ZRlnl+ Z Rlnz

1=mn—+1

for some a; € {—1,1} and

Rini = 0(X0) (Fai(Vos) = F(Va) <Vbz><xz,i—zo<va,i>>
Rans = (XY = F (Vo)) (£ (Vai) = FsVai) ) (Xai = Zo(Va)
Rang = (XY = F Vo) P iVai) (Zoni(Vas) = Z0(V)

R = 0(X3) (fuilVos) = F(V0i)) (£ (Vas) = FasVas) ) (X = Zo(Vas))
Rs i = 0(X0) (FuilVos) = FVoi) PriVoi) (Zomi(Vos) = Zo(Vis))

It suffices to verify that one of conditions (i) or (ii) of Lemma S3.3 is satisfied with
Y, = Ry, with ¢ ranging over either 1,...,m, or m, +1,...,n. For [ = 4,5
I show that condition (i) holds and for | = 1,2,3, I show that condition (ii) is
satisfied.

First suppose that 1 < i < m,,. Let C, = (W, +1,...,W,) and note that each
Ziemi(Vai) is 0(Vis,Cp) — measurable for k = 0,1,2,3,4. Additionally f(Va,),
' (Voi), w(X;) and Xs,; — Zy(Vp,;) are bounded uniformly in ¢ under our hypothe-
ses and there is a sequence of events FE, with probability approaching one on
which R;,,; < 7, and for all large enough n € N, fm(Vgl) fln’i(%7i>, ZALn’i(Vgﬂ-)

are bounded above uniformly in ¢ and Zgﬂm(Vg’i) is bounded above and below

18



uniformly in ¢. Since

(Z1mi(Vai) = Z1(Vei)) Za(Vii) + (Za(Vas) — Zani(Vei)) Z1(Vi)

Zomi(Voi)—Zo(Vas) = Ve BV
2\Ve,i)42ni\Ve,i

on these sets we also have

2

E [“ZOnz(‘/Gl) — Zo(Vo,i)

cn} <. (S8)

[ = 1: the first part of condition (ii) follows by the law of iterated expectations
and independence since E[w (X;) (X2, —Z0(Vp.i))| Vo] = 0. The second part follows
with 9§, < r?

~'n

due to the uniform boundedness noted above and Rs,; <7, on £,.

[ = 2: the first part of condition (ii) follows by the law of iterated expectations
and independence since E[¢;|X;] = 0. The second part follows with 6, < 72 due
to the uniform boundedness noted above, E[e?|X] < C' from equation (29) and
Ripni <1 on E,.

[ = 3: the first part of condition (ii) follows by the law of iterated expectations
and independence since E[¢;|X;] = 0. The second part follows with 6, < r2 due
to the uniform boundedness noted above, E[¢*|X] < C' and equation (S8) which
holds on E,,.

[ = 4: By the uniform boundedness noted above and the (conditional) Cauchy
— Schwarz inequality,

E{| R i1Ca] S B || fui (Vo) = S (Vo)

o) = FsVao)

cn} ,

and the right hand side is upper bounded by Rs,, ;R4 = o(n='?) on E,.
[ = 5: By the uniform boundedness noted above and the (conditional) Cauchy

— Schwarz inequality,

B[ B i1Ca] S E || foi (Vo) = £ (Vay)

| ZoaiVes) = Zo(va)

cn} ,

and, given equation (S8), the right hand side is upper bounded by some constant
multiple of 7,R3,,; = o(n"'/2) on E,,.

The case where m, + 1 < i < n is analogous with C,, = (W4,...,W,,,).

For part (i) of Asssumption 3.3, we show that ||V, — V| = opr (V). This
suffices since in the case where V,, 4 is constructed as in subsection 52.1, it implies
that equation (S2) holds and hence the desired result follows by by Proposition

S2.1. In the case where V/ is full rank and Vnﬂ = \A/n,(; this directly gives consistency
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of f/mg for V., and the result follows by the continuous mapping theorem.

For XU/Z, = Png,9.,

. . o o 1 1
Vio—Vy=Vao—V,+V, — — Z gnezgnez gv(VVi)gv(Wi)/] +%Gn[%9'y]-

3

For the second term on the right hand side, P,[(g,.19,.x)?] < oo by E[e*] < oo and
the boundedness of all the other terms in (28) under Assumption 4.3. Hence by
the central limit theorem, —=Gy[g,9}] = Opn (n~%/2). For the remaining term,

5

_Z gnsz g’yk QNZ ZRlnzk+ Z Rln,i,k

i=mn+1

For | = 1,2,3 we showed above that if 1 < i < m, and C,, = Wy, 11,---, Wa)
then E[R}, ;:[Cn] < 7 on E,. We will show this also holds for [ = 4,5 with
1 <i<m,andC, = Wy, 41,-.-,Ws) (the case with m,, + 1 < i < n with
Cn = (Wh,..., W, ) is once again analogous). For [ = 4 or [ = 5, by the uniform

e

and the right hand side term is bounded above by r2 on E,. Hence, by Markov’s
inequality * [ R? .+ D00 =1 R}, k] = Opn(r2) for I = 1,...,5, which
implies that the same is true of £ 3" ||Gn0.:, — gy (Wi)|?. Therefore, by Cauchy

boundedness (for all large enough n) we have

~ 2
B [Rh0lCe) B | (FuitVa) = 1)

— Schwarz
. o 1 . N
’ Ve = V5 y gn,@,i (G0 — W) + (Gnpi — 97 (W3)) go (W)’
2
1 ,
<= (Gno.i — (W) ||, + Z (.6, — 9+(W3)) g5 (W)l
=1
1/2 - 1/2
< ( |§n,9,z‘||2> (ﬁ Z | Gn6,i — Qw(Wi)Hg)
=1
1 1/2 L 1/2
(3t mmr) (2310
=1 =1
= OP[y(Tn) D
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S3.1.2 The LAN condition

Here I provide examples of local perturbations P, ., and lower level conditions
under which the LAN condition in Assumption 4.2 holds. I will consider two
models, (A) and (B). (B) is restricted such that f is an increasing function. In

both cases the function ¢, 2(b1, b2) has the form

SOn,z(bl, by) = (b, bQC)/\/ﬁ (S9)

and B,  is taken to be the set of functions b, : R'*X — R such that b, is bounded,
e — by(e, ) is continuously differentiable with bounded derivative and equation
(26) holds.”

In case (A), By1 = BZ}| = C}(2), the class of functions which are bounded
and continuously differentiable with bounded derivative on 2. In case (B) B, =
= CHP) N F(D), for F(2) the set of functions from ¥ — R which are

72 -
monotone increasing, ensuring that f + b;/4/n is always a monotone increasing

function.

PROPOSITION S3.1: Let Hy, = R% x B} x By, and H, = R* = BP, x B,,
in Model A and B respectively. Then, if Assumption 4.1 holds, e — m IS
continuously differentiable, W, = [[i_, R™*, v is invariant under the function
Fi(y,z) = (y — flz1 + 250),2) for any v € I' and ppypn = pJ,, 1) with py as
in (23) and ¢, as given by equations (25) & (S9), Assumption 4.2 holds for both
Model A and Model B.

Proof. The product space and product measure parts of Assumption 3.5 holds by
the corresponding Assumptions in the Proposition. That each P, <« v follows
from the definition of p, in (23).

Define ~;(h) = v + t(7,b1,b2C) for h = (7,b1,b9) and t € [0, 00). We first note
that — as is easy to check — the corresponding measures P, ) € {P, : v € T'}
for all small enough ¢ for both Model A and Model B. We now verify the condi-
tions of Lemma 1.8 in van der Vaart (2002). Firstly, t = /P, n) is continuously

differentiable everywhere since

\/ Py (W) = VY = f(Vosir) = thi(Vorer), X)V/ (1 + tha(Y — f(Vorer) — thi(Vosir), X)),

which is a composition of continuously differentiable functions for ¢ small enough

that (14tbs) is bounded away from zero. This ensures that ¢,(1W) = dbgpg% o=t

6Motivation for the conditions in (26) is given following Proposition S3.1.
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is defined for small enough t. Writing v; := V., and e, .= Y — f(v;) — tby (vy) this

has the form

(W) = — d(es, X)[f (v) XoT + t0 (v)) X5 + b1(v4)]
ba(er, X) — thy(er, X)[f'(0e) XoT + 83 (v0) X57 + ba(ve)] (510)
* 1+ th(er, X)

By inspection, this is continuous everywhere as the composition of continuous
functions. For some p > 0, note that by the boundedness of f’, by, b}, b, b, and
1/(1 + tbe) and equation (24) for some positive constant C' < oo,

/ (W) AP, < CE [(16(e, X)P* + 1) | X [2+] < oo.

This implies that for any ¢, — ¢, (g, (W)?)nen is uniformly P,, () — integrable.
Combination with g;, (W)?* — q;(W)? (everywhere) yields

/Qtn(W) Pry, ( )‘_>/Qt p'Yt(h ))‘

Applying Lemma 1.8 in van der Vaart (2002) demonstrates that equation (20)
holds, with A,h as in (21). Lemma 1.7 of van der Vaart (2002) ensures that
Al € LY(P,). The form of A,h reveals that it is a linear map on H,. That it is

bounded follows from
[AR|* < CLE [¢(e, X )| X|1P] 17112 + E [¢(e, X)?] |ba]|* + [|b2]|” < CollRl|?,

where C},Cy € (0,00) are positive constants. Apply Lemma 3.7 to complete the
proof. O

Motivation for the conditions on b, Equation (26) imposes 3 conditions
on the functions by, i.e. the score functions corresponding to the perturbation
of the density function (. As the first and last such conditions, i.e. that by
is mean zero with finite second moment is a requirement of any score function
(cf. Assumption 3.1 or Lemma 1.7 in van der Vaart, 2002) here I discuss the
motivation for condition that Eleby(e, X)|X] = 0. In particular, I will heuristically
argue that “well-behaved” parametric submodels lead to scores with this property.
Let (s(e, x) denote a parametric family of density functions of (e, X) with respect
to 11 ® vy such that the marginal density of X, = [ (s(e, ) dry(e), does not

depend on . Provided the parametric family is sufﬁmently well — behaved, scores
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for 8 in the model {3 : B € B} for B some open set, have the form Vzlog (s = @3-

The conditional expectation of this score can be written (X-a.s.)

Csle, X) [ VGs(e, X)) (gle, X)
[ eonte e Franm 9 = [ G Tot Fanm
vﬂ§5(€7X)
Tole. X)dn(@
Provided the derivatives exist, since Vge = 0 and Vgi(x) = 0,
Cale, ) B Vis(s(e, x)
Teleaydnle) [ lex)dnle)
Additionally (X-a.s.)
_ (e, X)
‘X / fCﬂ €, X dl/l )dVl( ) 0 — Vﬁ fgg e, X dl/l( )dV1< )

If the last derivative can be taken inside the integral, combination of these displays

yields

(e, X) e, X) B
/eapg(e,X Teole, X) dnn(e dV1 /Vﬁef% (e, X)du( )dl/l(e) = 0.

Thus any score @z in such a well-behaved parametric submodel must satisfy the

property imposed on bs.

Ensuring p, is a probability density That p, is a valid probability density

with 7 = v follows immediately from (23) if v is invariant with respect to

Fy(y,x) = (y — (21 + 250), ) (S11)

for each v € T', i.e. [vo F'] = v. In such a case, clearly p, > 0 by (23) and by

the invariance

/pvdV:/CoFde:/Cd[VoF,y_l]:/(dyzl,

Such invariance of v holds in important special cases. Specifically, suppose that
€| X has conditional density (;, with respect to A and ¢, is the marginal density
of X with respect to vo. Then ((e,z) = (1 .(e)C(z) is a density with respect to
v = A ® vy To see that v is invariant under F,, let A = A; x Ay C R x RX be a
measurable rectangle and define G, (%) == z — f(z1 + 240). Then (e,x) € F,(A)

23
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if and only if x € A; and e € G, ;,(A;). Hence, by Tonelli’s Theorem

v(F,(A)) :/lAz(x) {/ 1, ,an(e) d)\(e)} dy(z) = /AQ)\(GW(Al))dVQ(x).

Since Jg. ,(2) = 1, by change of variables

\Gul) = [

Gro

d :/ | det JGw|d)\:/ X = A(4)),
(A1) Ar Ay

for each z. Hence,

[VOFy_l](A) = v(F,(4)) = /A MGy (A1) drvy = / A(A1) dvy = A(A1) x1a(As) = v(A).

Az

Since the measurable rectangles form a separating class, it follows that vo F_ L=y,

S3.1.3 Uniform local regularity

As noted in section 4.1, in the single index model the proposed C(«) test is locally
regular as defined in Definition 2. Here I discuss strengthening this to the uniform
local regularity required by Definition 2.2. I will place a psuedometric structure
on H, as defined in Proposition S3.1 for Model A.”

There are many possible options. I outline two possibilities to establish asymp-
totic equicontinuity in total variation of h — P, ;. The first establishes this on
H,, and thus may be used to establish that the proposed test controls the null
rejection probability in a locally uniform manner (Corollary 3.4). The second re-
quires a stronger norm on B, 1, but establishes the asymptotic equicontinuity on
all subsets of the form K7 = {(7,by,bs) € H, : sup,c, |V (v)| < B} C H,.

Asymptotic equicontinuity on H,, One seemingly natural approach is as
follows. Under Assumption 4.1, [ ¢(e,z)*C(e,z)drv < oo and hence [ by(x; +
zh0)2p(e, x)?¢(e,x) dv < oo since by is bounded on 2. In consequence H., is a

subspace of the linear space

S, = {()}x{b1 € CHD) : by + 240) = bi(e,z) € Ly(R™E, ¢2§)}><L2(R1+K, ¢).

"It suffices to consider Model A since the corresponding H, = HZ' = R% x Bt x B, is a
superset of Hf = R% x Bf’ 1 X By 2, the space considered in Model B. Hence if the collection
formed by the functions h — P, . with domain H., are shown to be asymptotically equicon-
tinuous on a subset K C H,, they are also a fortiori asymptotically equicontinuous on K N Hf
when their domain is restricted to HZ.
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S, can be equipped with the seminorm:®

Il = 110, by, ba)| = \/ / bi(wy + 250)26(e, 2)%C (e, 2) dv + [[ba12, g oy (S12)
I will additionally assume that
E [¢(e, X)*|X] > ¢ >0, (e, X) ~C. (S13)

This ensures that the Ly(R™X $2¢) norm is stronger than the Ly(R'™ () norm
on the subspace we consider.” The condition in (S13) is mild: if €| X has a Lebesgue
density (. x, then E[¢(e, X)?|X = x| is the Fisher information for the location
family with densities (qx(e — p,x) (for p € R). Under very weak regularity
conditions on e — (.x(e, z), this is bounded below by 1/E[e*|X = z| (e.g. Kagan,
Linnik, and Rao, 1973, Theorem 13.1.1), which is itself lower bounded under the
condition imposed in equation (29).

H., can then be considered as a pseudometric space with the induced pseu-
dometric dy(hy, hy) = ||hy — he||. With this structure I obtain the asymptotic
equicontinuity in total variation required by Lemma 3.1 under Assumptions 4.1,
4.2, (S13) and that \/@ is continuously differentiable in its first argument as
in Proposition S3.1.

PROPOSITION S3.2: Let H., o = {0} x Bél X B. o and equip it with the pseudometric
dy induced by the seminorm (S12). Suppose that Assumptions 4.1, 4.2 & equation
(S13) hold and that e — +/((e, x) is continuously differentiable. Then h +— P, . p

is asymptotically equicontinuous in total variation on H., .

Proof. 1t suffices to show lim,,_,o d7v (Pyspys Poyn) = 0 for hy — h, by, h € Hoy .
Let Any,b1 = D8, f+b1/v/n,0) such that

pn,w,hn (W) _ QnmbLn (W) % 1 + b2,n(Y - f(Vg) - bl,n(‘/@)/\/ﬁv X)
PraghW)  nys (W) 14+b2(Y = f(Vg) = b1(Ve)/v/n, X)

8Here Lo(A,w) == La(A, A, u,w) for a measure space (4, A, ) and a weight function w : A —
[0, 00) is the weighted Lo space consisting of all functions f such that [ f2wdu < oco. This is
just a Ly space: one has that Ly(A, A, u,w) = La(A, A, v) where v(S) == [gwdp. In the main
text, I omit the o-field A and measure p from the notation: the o-field is always the Borel
o-field and the measure should be clear from context.

%If there exists a C' > 0 such that E [¢(e, X)?|X] < C < oo, then the converse also holds and
the two norms are equivalent on this subspace.
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By Assumption 4.2, Remark 3.1 and Lemma S2.4 it suffices to show that each of

n

oy (Wi) L4 bon(Yi = (Vi) = bin(Voi)/v/m, Xi) /v
Zl e OV 2 T bV = F(Vou) = ba(Vau) i X
(S14)

are op, (1). For the former we use Lemma 52.3 applied to the measures 0y, -4,

on W which correspond to gy ., ; note that Qn~p, = Py 00,0 The set I'is a
subset of a linear space by Asssumption 4.1. Equip the linear space C} () with

the seminorm

||b1]] = \// bi(x1 + x40)%¢(e, z)?C(e, x) dv

and let ¢ be the linear map ¢(b;) = (0, by, 0). Similarly to as noted in the
proof of Proposition S3.1, each y 4 sp(by) € I' if V is taken to be a small enough
neighbourhood of 0 in C}(2); this also ensures that condition (i) of Lemma S2.3
holds given Assumption 4.1. Condition (ii) holds by the Assumption that e

(e, ) is continuously differentiable and the chain rule. For condition (iii) with

Uy py s (W) = alogp”gf’bl’o)(w)‘t we have (cf. equation (S10))

=s

U s (W) = =0(Y = [(Vo) = b1(Ve) — sb1(Va), X)b1(Va),
for 7, = v+ (0,b1,0), by € V. Under Py, o)
(Y = J (Vo) = Bi(Va) = sby(V), X) ~C.
Hence, with (¢, X) ~ (,
Pyspttn) [U, 5,,s] < E [0(e, X)?b1(Vo)?] = [|ba]*.

By Lemma S2.3 one then has that {b; — Q5 : n > N} is equicontinuous in
total variation for some N € N. By the definition of the seminorm in (S12), if
hn — h, then by, — b and so dpyv(Qnypr> @nyb,) — 0. By Lemma 2.4 in
Strasser (1985)

n n
Tny,b1 I
n V03
pn7’7 pn7’y

lim
n—oo

i bl n - qn,'}/’bl (m)
dP,., = T e\ L,
1;[ E pnﬁ(VVi) Pym( )



and hence

a An,vy,b1n W)
Z [log qnmbl,n(W) log QH’Ybl Zl I W) = Opn,w(l)

i=1 Qn,v,b

by the continuous mapping theorem, which establishes the required condition
for the first term in (S14). For the second term, let hy, = (0,b1,,0). Since
Combined with Remark 3.1
and Assumption 4.2 this reveals that it suffices to show that that the sum on the

drv (P, 061,0)s Porin) = 0y Parpr0) <> Py g

right hand side of (S14) converges to zero in P — probability. For this, we

n,y, hn
verify the conditions of Lemma S3.4, which we will apply with the arrays formed

by (€n,b1,n,i,Xi) and (€n,b1,i7 Xz), where Enbii = }/z — f(‘/&l) _ bl(‘/@,z)/\/ﬁ Under
an'len’ <€n7b1,n7i7 XZ) ~ C and SO

E [b2,n(€n,byniis Xi) — ba(€npy i Xi)]2 < ||ban — bQH%Q(C) — 0 (S15)

Note that
b1 (Vi) — bin(Va,i)

Enbin,i = Enbii = \/ﬁ y

and since by is continuously differentiable in the first argument, with bounded

derivative,

b1(Vi) — b1.n (Vs
’b2(6n7b1’n,iaX’i> _bQ(en,bl,%Xi)’ S./ | 1( 2 ) \/ﬁl’ ( % )‘

By equation (S13), E[by,,(Vp.:) — b1(Vp.,)]* — 0 under ¢ and hence — analogously
to in (S15) —

(S16)

E [b (0,1 00 X) = balenpn,is X0)]* S b1 = ball T, = 0.

Since the data are i.i.d across rows, this verifies (S32). For (S33) by the definition
Of B%Q, under P EbZ,n<€n,b17n,i7 Xl) = Ebg(en’bl’mi, Xz) = (0 and by (Sl6),

n,y, )
E Hbg(en,bl,n,z, X;) — ba(enpis XZ)H <n V2by, — billyo) = o(n~?).
As data are i.i.d. across rows, this verifies (S33). Apply Lemma S3.4. O

Asymptotic equicontinuity on class of subsets of i, To show asymptotic

equicontinuity on subsets of H, note that H, is itself a linear space and equip it
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with the seminorm

[2]] = (17, b1, b2) || == \/HTH2 - sup |01 (V) [ + [|b2| £y 1+ 5.cye- (S17)

Under the pseudometric dy(hy, hy) = ||hy — he|| induced by this norm, I show
asymptotic equicontinuity in total variation over the subsets K f = {(1,b1,b2) €
H,, s sup,eq [0y (v)] < B}

PROPOSITION S3.3: Let H., o = R x Bﬁl X B o and equip it with the pseudometric
dy induced by the seminorm (S17). Suppose that Assumptions 4.1, 4.2 hold and
that e — \/((e, x) is continuously differentiable. Then h — P, ., is asymptotically

equicontinuous in total variation on each Kf.

Proof. Let h, = (Tn,b1n,02,) — (7,b1,b2) = h with h,, h € Kf. It suffices to

show that limy, e drv (Push s Payn) = 0. Let Guy by = Diosr)yim f461/ymc) Such
that

Proyin W) _ nyirntnn W) 14 b2n(Y = f(V5,) = bin(Ve,)/ /0, X)
pn,’y,h(W) Gn,y,7,b1 (W) I+ bQ(Y - f(Ven) - bl(%n)/\/ﬁa X) ’

where 0, .= 0+ 7,,/\/n and 6, = 0 +7/y/n. By Assumption 4.2, Remark 3.1 and

Lemma S2.4 it suffices to show that each of

Qn'ym b1, n = 1+ b2n Y, — f(‘/én,z> - bl,n(‘/én,i)/\/ﬁv Xl)/\/ﬁ
Zl Z T (Y = [ (Vo) = 01(Vaw o) /v Xo) [/m
(S18)

are op, (1). For the former we will appeal to Lemma S2.3. Let Q5 be the

qn'y‘rbl

measure on YWW" corresponding to Ty and note that this is equal to P, (7.4,,0)-
The set I' is a subset of a linear space by Asssumption 4.1. The set R% x B, ,
can be viewed as a normed linear space by equipping it with the norm |[|(7, ;)| ==
|(,b1,0)|| where the right hand side norm is that in (S17). K5 := {(7,b;) €
R% x B, : sup,cq |b}|(v) < B} is a subset of this space. Define the linear map
o(7,b1) == (1,b1,0). Similarly to as noted in the proof of Proposition S3.1, each
Y + sp(1,b1) € T if V, the intersection of a neighbourhood of 0 in R% x B, ,
and K B is taken small enough, which also ensures that condition (i) of Lemma
S2.3 holds given Assumption 4.1. Condition (ii) holds by the Assumption that

e — 1/((e, x) is continuously differentiable and the chain rule. For condition (iii)
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010g py y1(7,b1,0) (W)
ot ‘t:s

with ., -5, s(w) = we have (cf. equation (S10))

U’Y*,T,bl,S(W) = —Qb(Y - f(%-&-?-&-m’) - Bl(‘/e—l—f'—i—ST) - Sbl (‘/9—1-’?-1—87')7 X)
x [f/(VeJr%JrST)XéT + Bll(VMHST)XéT + 801 (Vo rrsr) XoT + 01 (Vorrpsr) |

for 7, =7+ (7,01,0), (7,01,0) € V. Under P,y sp(rp),
<Y — f(Vorsrrsr) — 51(‘/9+%+sr) — $b1 (Vorsysr), X) ~ (.

By the definition of V and f € CH(2), |f'| < F, V)| < B and |¥}| < B. Hence,
for (e, X) ~ (,

Py ooty [0 i a] < 2E [6(e, X)2(2B + F)2(X47)?] + 2E [6(e, X)?0y (Virrser)’]

< 2(2B + F)*|I7|°E [¢(e, X)*|| X2]*] + 2E [¢(e, X)?] sup b1 (v)[?

S byl

by Assumption 4.1. By Lemma S2.3 one then has that {(7,b1) — Qnrrp, 1 1 >
N} is equicontinuous in total variation on each f(f for some N € N. By the
definition of the seminorm in (S12), if h,, — h, then ||(7,,,b1,,) — (7,b1)|| — 0 and
50 dry (Qnyyrpy> @npyrb,) — 0. By Lemma 2.4 in Strasser (1985)

. qﬂ Tn,b1,n qn b qn’YTnbln Qn,y,7,b
lim MALGLE DTN AP, , =0 = Gnyirin (W) :0pn 1),
n—00 pn7 pn,y 7 H pn'y 211 pny 77( )
and hence
& qn’YTn bln(W)
108 @y, 70,01, (Wi) — 108 Gy 7 log =op,, (1
;[ v bl,,( ) Y bl Z qn,y.,-ln(W) P,»Y( )

by the continuous mapping theorem, which establishes the required condition
for the first term in (S18). For the second term, let h, = (T, b1,0,0). Since
drv (Pry,(r,51,0)5 an;m) = 0, Poqrpr0) 9> P, 5 . Combined with Remark 3.1
and Assumption 4.2 this reveals that it suffices to show that that the sum on
the right hand side of (S18) converges to zero in P, _ ; — probability. For this,
we verify the conditions of Lemma S3.4, which we will apply with the arrays

formed by (e, b1,.i0 Xi) and (enrp,,i, Xi), Where ey 4,5 = Y — f(Vorp-1/2,,) —
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b1(Vosn-1r2-5)/v/n. Under P, 5 . (€n s, by i Xi) ~ ¢ and so

2
E [bQ,n(en,Tn,bLn,ia Xz) - bz(enﬂ'nybl,n,i7 Xz)] S ”bgm — bQH%Q(C) —0 (819)
Note that
bl(v n71/27i) - bl,n(v n—1/2r Z)
en,‘rn,bl,n,i_en,f,bl,i = s : \/ﬁ s = +f(‘/9+n*1/27,i)_f(‘/GJrn*l/?Tn,i)'

and since by is continuously differentiable in the first argument with bounded
derivative, f € C{(2), and by has its derivative uniformly bounded by B,

’b2<€n,‘rn,b1,n,ia Xz) - b2<en77,b1,i; XZ)|
< HXQHHT _ Tn” + SUPyeg |b1(1j) - bl,n<v)‘ + ”XQHHT B Tn”

~ n vn

(S20)
By the choice of norm and Assumption 4.1 the expected value of the square of the

right hand side converges to zero, hence
2
E [D2(€n.rp b1mis Xi) = ba(€nrprir Xi)] ™ = 0.

Since the data are i.i.d across rows, this verifies (S32). For (S33) by the definition
of B%Q, under P, _+ Eb?,n<€n,Tn,b1,n,i7Xi) = ]Eb2<€n,7'n,b1’n,ia Xz) =0 and by (820)

'I’L,’Y,hn )
and Assumption 4.1

E [|b2(€n,by0is Xi) = b2(enpr i Xi)|[] S 072 [sup [bi(v) — bin(v)] + |7 — 7l | = o(n™?).

vED

As data are i.i.d. across rows, this verifies (S33). Apply Lemma S3.4. O

S3.2 IV model with non-parametric first stage

S3.2.1 Proofs of results in the main text

Proof of Lemma 4.1. We first note that E[E;E;|Z] = [J(Z)7Y;; for i,j € {1,2}
where J(Z) is nonsingular by equation (37). The same equation combined with
Proposition 2.8.4 in Bernstein (2009) also implies that ¢;(J(Z)) exists and is pos-
itive. Letting & = &, (W) = (Y — X'0 — Z18, X — n(Z), Z) we have

(V) = (L (W), Ea0) ) = =61 (£)(X', Z0)
(Db (W) = —62(E)01(2),  [Dyaba)(W) = bo(E).
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We first project l'7 and D., 1b; onto the orthocomplement of {D. by : by € B, 2}
By Corollary S2.2 and Proposition A.3.5 in Bickel et al. (1998) these projections

are, respectively:

L(W) =E[-¢:(&)[X, 2] U Z|E[UV"| Z) "
[Dy1bi (W) = E[—b1(2) $2(EU'|Z)E[UU'| 2]

for U= (e,v) = (Y —-X'0—-Z{8,X'—n(Z)"). Denoting K := dg, and evaluating

the first conditional expectation using (37) we obtain:

1 0] @)U =m(2)n

A
Dy b (W) = 0i(2) 05 Iic| J(2)7U = 0i(2)'Vs

By Propositions S2.3 and S2.4 l~ can now be found by projecting Z onto the
orthocomplement of {lu)%lbl by € By1} = {bi(Z2)Va : by € B,1}. That this

projection is I, follows from the observation that (a)

E[L,W)n(2)Vs] = B [[(2), 2] [Vi — BV ZIEVAVE1 2] Vs Vit (2)]
= E[[n(2). 2] E[V\V} - EDA VY| ZIE[VaV3| 2]~ VaV3) Z) by (2)]
=E [[(2), 2] [EViV5|2) — E(iV3| ZIE(Va V3| Z) ' E[VaV5|Z]] b1(Z)]

and (b) the components of [7(Z)', Z;]' E[V, V| Z|E[V, V3| Z] 'V, are in in cl{b,(Z)' V5
by € B,1}. Thisfollows as E|| [n(Z)', Z}] E[V1V; | Z]E[V2V;4 | Z]~1Va||? < oo by equa-
tion (37) and Assumption 4.4, and any such component may be arbitrarily well
approximated by by ,,(Z)'Vz for bounded measurable functions b, ,, € B, ; since the
set of such functions is dense in Ls. The first equality in the final claim follows
from Example A.2.1 in Bickel et al. (1998). For the second equality note that with

QZ)=J(Z)™

Fy — Q(Z)I,ZQ(Z>2_,%E2 = [1 OIK} — Q(2)12Q(Z )2% [OK [KH QU

~[[e@1: @@)ns] - Q2025 [02)1 Q2] U
= [0(2) - Q2102); 002 oK} "
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The result then follows from the the block matrix inversion formula (e.g. Propo-
sition 2.8.7 in Bernstein (2009)) and direct calculation. O

Proof of Lemma 4.2. For the first part of the Lemma observe that by the moment
conditions in Assumption 4.4 and the bounds on J(Z) in (37), £, € Lo(P,).
Moreover, by the definition of B, o, with M = E[X Z|]E[Z,Z]] !

E [£,(W)ba(8)] = a1()E [(7(Z) — MZ1)E [eba(U, 2)| Z]) =
by equation (37):

E [6,(W)62(8)b1(2)] = qu()E [(7(Z) — MZ)E [e(e, v, Z)'| Z] b1(Z)] = 0;

and since E[v|Z] = 0 by Assumption 4.4,

E [€,(W)¢1(&)byZ1] = ¢1(J)E [E [eds (e, v, 2)| Z) (x(Z) Z} — M Z1 Z1)] bo
= —q1(J) [E[n(Z) Z;] — E[X Z}]E[Z, Z;]) ' E[Z1 Z1]] bo
= —q1(J) [E[n(2)2}] — E[n(Z) Z;]E[ 2, Z3) B[ 21 Z1]] by
=0.

The the second claim in the Lemma follows immediately if J(Z) = J a.s.. O

Proof of Proposition /.3. Assumptions 4.4, 4.5 and Lemma 4.2 (with equation
(37)) establish that the conditions of Lemma 3.8 are satisfied. O

Proof of Proposition 4.4. Let g, = l@ for consistency of notation. Let 3, = 6 +
bno/+/n with b, o — by € R%. Let lv]m, g, Em, Gn.0.4» ‘v/n,g, /v\n,g and 7, 9 be formed
analogously to (A]m-, jn, Em, In.0.i» ang, /A\nﬂ and 7,9 (as defined in and around
equations (40) — (42)) with 3, in place of B,. By Assumption 4.6, B, € S
suffices to show that Assumption 3.3 holds for g, : f Zl 1 Jn6,is An g and 7,9
(e.g. Hoesch, Lee, and Mesters, 2024, Lemma S3.1).

For Assumption 3.3 part (i), by Lemma S3.1,

\/—Z Jn.0i — gv ZRnl OPnW

For Assumption 3.3 parts (ii) and (iii) we first establish the rate of convergence of
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ang. We have

n

Voo =V, = n Z [gnﬂ,ig;w,i - QV(W )%(W) ] + Tvagy (S21)
i=1

For the first right hand side term, we have by Cauchy — Schwarz,
IR
B )SEIES WS SN TATH
=1
Under Assumption 4.4, El|g,(W;)||* < oo, hence = > | [|g,(W;)||* = Op,_ (1) by

Markov’s inequality. By Lemma S3.1 %Z?:l Gnoi — g, (W)II* < Z?:l St =
Op, (02 +n~"). Using this gives

1 . 1~
=D Mol £ D Ngnas — 9, (WP + Zn% JI* =0, (1),
i=1 =1

I~ .
n Z [Gn.0.9.05 = 9:(Wi) gy

i=1

hence the first right hand side term in (S21) is Op, (62 + n') as S S =
Op,. (02 +n~") by Lemma S3.1.

For the second right hand side term, by Assumption 4.6 E|g,(W)||* < oo.
Hence by the central limit theorem Gg, g/, = Op, (1) and so the second right
hand side term in (S21) is Op, (n"'/?). Putting these pieces together yields
Vo — V4|l = Op,_ (02 +n~'/2). The proof is then complete by the choice of rate
in Assumption 4.6 and Proposition S2.1. O]

S3.2.2 The LAN condition

Here I provide examples of local perturbations P, ; and lower level conditions
under which the LAN condition in Assumption 4.5 holds. Let

en1(b1) =b1/v/n, @na(be) = Cba/\/n, (b1,bs) € By1 x By o, (S22)

where B, is the space bounded functions b, : R4z — R% and B, 5 the space of
bounded functions b, : R¥ — R which are continuously differentiable in their first
1 + dp components with bounded derivative and such that (35) hold.

PROPOSITION S3.4: Let H, = R% x B.. Then, if Assumption 4.4 holds, u

VC(u, 2) is continuously differentiable and py . pn = P s ny With py as in (33)
and @, as in (34) & (522), Assumption 7?7 holds.
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Proof. We being by noting that due to the definition of B,; and B, s, for all
large enough n each p,.,, (») is a valid density and v + ¢, (k) € T'. Given the
product construction of P, . ;, Assumption 3.5 is satisfied and to apply Lemma 3.7
it remains to verify differentiability in quadratic mean as in (20) (with h, = h).

Let qyrbt = D(0,m)+t(r(bob1,ba0))s t € [0,00) and abbreviate ¢, = ¢,0,0,0. Analo-
gously to above, for all small enough 7,b and ¢, this is a probability density and
(0,m) + t(7, (bo, b1, b2()) € T'. Letting

X

L(W)=—o(Y = X'0—-Z3,X —n(Z),Z) ,
1

)

it suffices to show that

t , 2
/ {qifib,t = a2 = 5 (W)l — /by + by ) qﬂ dv=o(t?) ast]0. (523)
For this we will verify the conditions of Lemma 7.6 in van der Vaart (1998). That
t > \/Qy7pz is continuously differentiable follows from the assumed continuous dif-
ferentiability of (e,v) — +/((e, v, 2). Denote by ¢, the derivative of t — log ¢, s+

at t = s. Under ¢, 45, ts(W) has the same law as

Es = —¢ (67 v, Z)[le Zﬂ(’/‘/, bé))/ - ¢2(67 v, Z)/bl(Z)
(€,v,2) — sbyy1(e,v, Z)[ X", Z1| (7', b)) — sbaa(e,v, Z) by (Z)

b
1+Sb2(€,’U,Z) ’

where by; indicates the derivative of (e,v) — by(e, v, z) in the i-th argument. It
suffices to show that EE? — EE? for all s, — s in a neighbourhood of zero. In
particular, take a neighbourhood U := [0, §) such that 1 + sby(e, v, Z) is bounded
below (as by is bounded). That E? — E? pointwise is evident, hence it suffices
to demonstrate that (E’fn)neN is uniformly integrable. We do so by exhibiting a

dominating function. Let
B2 = C[dile,v, 22| XIP + 1 ZIP] + llgale, v, 2) 1 + |1 XIP* + 1211 + 1]

for some positive constant C'. Provided C' is taken large enough, by the moment
conditions in Assumption 4.4 and the boundedness of by, by, E? < E? as. and
EE? < co. Thus (E2 )nen is uniformly integrable, concluding the demonstration
that the conditions of Lemma 7.6 in van der Vaart (1998) are satisfied and hence,
(S23) holds. O
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Motivation for the conditions on b, Equation (35) imposes two conditions
on by, i.e. the score corresponding to the density function . The first simply
requires by to be mean-zero, which is a requirement of any score function (cf.
Assumption 3.1 or Lemma 1.7 in van der Vaart, 2002). The second requires that
E[Uby(U, Z)|Z] = 0. Here I will heuristically argue that “well-behaved” parametric
submodels lead to scores with this property. This argument is essentially identical
to that for the single index model given in Section S3.1.2. Let (3(u,2) denote
a parametric family of density functions of (U, Z) with respect to v; ® vy such
that the marginal density of Z, = [¢s(u, z) dy(u), does not depend on f.
Provided the parametric family is sufﬁmently well — behaved, scores for [ in the
model {(s : B € B} for B some open set, have the form Vzlog(s = ¢pg. The

conditional expectation of this score can be written (Z-a.s.)

Cs(u, Z) _ [ VeGs(w, Z)  Gp(u, Z)
[ o0t D7 Bt 0 = [0S Tt Famt 0
vﬂCﬁ’(u? Z)
TG 2yan g
Provided the derivatives exist, since Vgu = 0 and Vi(z) = 0,
Glu,z) — _ VisCa(u, 2)
ngUZdVl() f(guzdyl()
Additionally (Z-a.s.)
B (u, Z) B
Ele|Z] = / fCﬁUZdl/l )dul(u)—O = Vp nguZdyl()dyl(u>—O'

If the last derivative can be taken inside the integral, combination of these displays

yields

Cs(u, 2) (u, Z) B
/ug@(u,Z Teo(w, Z) dnnu dul /V'Bquﬁ (u. Z)dinl )dyl(u) = 0.

Thus any score g in such a well-behaved parametric submodel must satisfy the

property imposed on bs.
Ensuring p, is a probability density The discussion here is similar to the

case of the single index model treated in section S3.1.2. In particular, similarly to

in that case, p, is a valid probability density with respect to v = v if v is invariant
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with respect to
F’Y(ya L, Z) = (y — ' — Ziﬁ,.ﬁ - W(Z), Z)

for each v € T, i.e. [vo F; '] = v. In this case evidently p, > 0 by (33) and by

the invariance

podv= [ (oF,dv= [ (dvoF,'= [ (dv=1.
Jrrav= [eor [eavor- |

This invariance holds, for example, in the important special case where U|Z is
continuously distributed. Suppose that U|Z has (conditional) density ¢; , with
respect to Lebesgue measure A and (5 is the marginal density of Z with respect to
some dominating measure v5. Then ((u, z) = (1 ,(u)(2(z) is a density with respect
tov =A@y Let A= A; x Ay C R'T% x R be a measurable rectangle and

define
1 —¢
0o I |

Then (u, z) € F,(A) if and only if z € Ay and u € G, ,(A;). By Tonelli’s theorem

y—a'0—2p
x—m(z)

G%Z(y7 JZ) - [

] = ‘]G'y,z (y7 x) =

B ) = 14| [ 16,00 03| diate) = [ NG, (A0) (),

Since |det Jg. . (2)| = 1, by change of variables

A&Q%ﬁ»:/ A = mahwgmu:/'w:amm
G+,z(A1) Aq Aq

for each z. Hence,

o 1) = () = [ NG (A0 ) = [ AL doe = N(ADx10(4s) = (4).

Ao

Since the measurable rectangles form a separating class, v o F.~ L=y,

S3.2.3 Uniform local regularity

Here I discuss strengthening the local regularity of the proposed C(a) test as
discussed in Section 4.2 to the uniform local regularity of Definition 2.2. I place

a (pseudo-)metric structure on H, := R% x B, as defined in Proposition S3.4. In
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particular, H., can be viewed as a linear subspace of'”

de

Rdg X Rdﬁ X H LQ(RK, ¢%+kc) X LZ(RIerga <)7 <824)
k=1

since we may identify each b; € B, with a by : RK — R% according to by (u, 2) ==
b1(z) and each such l~)1 has components BLk € Ly(RE, f+k(’) since by i, is bounded

and hence under Assumption 4.4

/51,1@(% 2)2¢1+k(u> 2)2«“, z)dv = /bl,k(2)2¢1+k(ua Z)2C(U’ z)dr < oo.

Equip H, with the corresponding norm

dg
1Al = II(T’,%)’II%+Z/bl,k(2)2¢1+k(u, 2)%¢(u, 2) dV+/b2(u, 2)*C(u, 2) dv.
k=1
(S25)
I will additionally assume that

E (614U, 2)212] 2 >0, (U.Z)~C. (526)

This is a mild condition which ensures that the Ly(R¥, $2¢) norm is stronger than
the Lo(R¥, ¢) norm on considered subspace (cf. the discussion following equation
(S13)). H, can then be considered a (pseudo-)metric space under d(hq, he) =
|h1 — hsol|. With this structure I obtain the asymptotic equicontinuity in total

variation required by Lemma 3.1.

PROPOSITION S3.5: Suppose that Assumptions 4.4, 4.5 and equation (S26) hold,
u — +/C(u, 2) is continuously differentiable and P, is as in Proposition S3.4.

Then h — P, 1 is asymptotically equicontinuous in total variation on H..

Proof. Let h,, — h. It suffices to show that lim,, .. drv (P n,s Poqp) = 0. Let
nyn = (Y = X'[0+7/V/n] = Z{[B 4+ bo/Vn|, X —7(Z) = bi(Z)/v/n, Z),

and @G ,n = C(fn,%h), so that we have

pn,'y,hn<W) _ Qn,'y,hn(W) « 1 + bQ,n(&n,'y,hr)/\/ﬁ
ProahW) Gy n(W) 14 b2(&nn) /v

10Ct. footnote 8.
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By Proposition S3.4, Remark 3.1 and Lemma S2.4 it therefore suffices to show
that

- Gy (Wi) . L+ b2 (§n i) /T
E log —2—"~—~ = 1 E 1 S27
— Og W OPn,-y( )7 ( )

og =op, . (1).
G (V) 2B )y e

Each ¢, is a probability density function; let @, , be the probability measure
corresponding to ¢ . ,. We now show that for some N € N, {h = Qun~n:n>N}
is equicontinuous in total variation on H., by verifying the conditions of Lemma
S2.3. The set I' is a subset of a linear space by Assumption 4.4; let H, is a (semi-
Jnormed linear space as discused immediately prior to the statement of Proposition
S3.5 with the seminorm given by (525). Note that Qn,n = Py (rbobi,0) fOr
h = (1,b) and let w(h) = (7,bg, by,0). Similarly to as noted in Proposition S3.4,
each v+ sp(h) € T for all h € V when the latter is taken as a sufficiently small
neighbourhood of zero 0 in H,. In conjunction with the fact that @, is the
n—fold product of P, (; 4,0,/ m» Where P, has density (33), this ensures that

condition (i) is satisfied. Condition (ii) holds as

Vrstrmino (W) = VOV = X0+ t7] = Z{[5+ o], X — n(2) — th(2), 2),

is continuously differentiable in ¢ on [0, 1] for each W, all v € T" and (7, by, b1,0) € V

_ 5} log dvy+t(7,bg,b1,0) (w)

by the chain rule. For (iii), letting u, j s(w) = o o, We have
. ~ X’ Z'b
U, s (W) = =Y =X'[0+7+57]=Z1[B+bo+5bo), X =7(Z)=b1—sb1(Z), Z)' 2—2—2)1 °l,
1
for any v, = v+ (7, bo, b, 0), (7, bo, Bl, 0) € V. Under Q,+su(n)
(Y = X'[0+ 7+ s7] — Z,[B + by + sho), X —7(Z) —by(Z) — sb(Z),Z) ~ C.
Hence with (¢,v, Z) ~ (, by Assumption 4.4 and equation (525),
de
Qrtspmi2, ns] < E [d1(6,0, 2)7] 1717 + 1ol ]+ E [S144(e, 0, 2)%b16(2)] < [IBII*.
k=1

By Lemma S2.3 {h — Q. : n > N} is equicontinuous in total variation on H.,.
Hence (e.g. Strasser, 1985, Lemma 2.4)

/

n n
q’n’777hn _ q"»%h
Py Py

dP,, = / |qzmhn — Gy p| AU =0,
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which implies
Hanhn HQn‘rh _ Pm(l%
=1 i=1

and so

Z [log qn Yshn (W ) log qn s h Z log I = hn )) - OPn,AY (1)

i—1 dn,y, h

by the continuous mapping theorem, which establishes the first condition in (S27).

For the second condition in (S27), let ho= (T, bo, b1,0) and Ry, = (Tns bo, s b1.n, 0).
A consequence of the equicontinuity in total variation of {h — Qn~n:n > N}
is drv(P, 7 Porsy) = 0, hence P j <> P 5 . Combined with Remark 3.1
and Assumption 4.5 this reveals that it suffices to show that that the sum on the
right hand side of (527) converges to zero in P, ;.
verify the conditions of Lemma S3.4, which we will apply with the arrays formed

— probability. For this, we

by &nqyhn,i and &y 4 pi. Under Pw/ s Enyihn,i ~ C and so
E [b2,0 (&) = 02(Enyihnd)]” < b2 — b213,0) = 0. (528)
Note that
Enrvmni = Enni = 1 X[ = ] + Z33[b0 — bon), 01(Z:) = b1n(Z:),0)

and since by is continuously differentiable in its first two arguments, with bounded

derivative,

| X [T — Tl + 121 :[bo — boul| + [01(Zs) — bin(Z3)|
7 .
(529)

By equation (S26), E[b1,(Z;) — b1(Z;)]*> — 0 under ¢. Since | X;||* and || Z1,|?
have finite L(¢) norm — analogously to in (S28) —

102(Enyhn i) — 02(Enyihn i) S

E [b2(6n i) = b2(Enmni)]” S (1T = all3 + 1100 = Bo.all3 + 110 — billZ, ) = 0.

As the data are i.i.d across rows, this verifies (S32). By the definition of B, ,,
under P Ebopn(&nmyihn,i) = Eb2(&nm i) = 0 and by (S29) and the fact that

nq/h )

39



| X;|| and ||Z1 ;|| have finite L;(¢) norm,

E [[b2(6nyh0) = b2(Enn) ] S 07 2T, b0) = (T, bo.0) 1+ b1 = ballyo))
= o(n~1?).

As data are i.i.d. across rows, this verifies (S33). Apply Lemma S3.4. O

S3.2.4 Supporting lemmas

LEMMA S3.1: In the setting of Proposition /./:

(i) IM, = M| = O, (n/?);

(i) 5 320 Ui = UH2 Op, ,(0: +171);

(iii) ||Ju = J|l = Op, . (& +n~"2);

(iv) 17" = T4 = O, (0% + n7/%);

(v) Ruy = 5 X0y a(J) i |M = A1, | Z1s = op, (1)

(m) Rn2 = TZZ 1‘]( ) nz[ﬂnZ( i)_W(Zi)] :OPn,’y(]');
(vid) Rus = J 31y a(J) (Uni = Ui) f(Z:) = op,  (1);
(viii) Rna = 7= 321 (g (j) 4(U:f(Z:) = op,,(1);

(i) Sut = £ S50y () Ui |M = ML, | Zul|? = O, (n7);

(I) Sn,2 —n Zz 1 Hq( ) n,i [an( Z) - 7( )] ||2 = Oan((SaZm);
(v1) Sus = 3 Xy 19(J) Uni = U F(Z)I? = Op, , (n7);
(i) Sna = ,1121-:1 I(a(Ju) = a(NUS(Z)|]* = O, , (63 +n7);

with q(J) = eaj_l_Jizl[Jig]_l[O}(v IK]J_I; Mn = [% Z?:l XiZ{,J [% Z?:l Zl,iZi,z’}_ ;
M=K [XZ” E [lei]il, f(Zz) = W(Zi)_MZLi and fn,Z(Zz) = 7ATn7i(Zi)—MnZ17i.

Proof. First observe that
q(J) = [l 7id = Jia[Jan] " [ad Jad ] = [Iid =Tl st 0] = qu(J)e = [ o],

with qi(J) = Jii — JialJas) a1 = (J11)™" (cf. Proposition 2.8.7 in Bern-
stein (2009)). Abbreviate 7,,;(Z;) = 7,:(Z;) — 7(Z;). By Propositions S3.4
& S3.5, Remark 3.1, Lemma 2.15 and Remark 18.3 (both) in Strasser (1985),
Prqy 4> Py (000,000, Which we will henceforth abbreviate to P, ,

(i) By the moment conditions in Assumption 4.4, E || X Z!||* < co and E || Z, Z, ||

oo (under P, ). Since the samples are i.i.d., then by the central limit theo-
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rem
-1

— M| = Op (n_l/Q).

n,y

1 & 1 &
[5;)@2{# E;ZL,-ZQJ

(ii) ||Um -U|* < ( ni1—Uin)*+ H(v]mg — U;2||?, so we will handle the sample

means of the two right hand side terms separately. The first is

I 1<
o Z(Un,i,l —Uin)* = (B — 5)5 Z 7,2y i(Bn — B) = Op, , (nh).
i=1 i=1

The second is
1 i ] 2 1 “ N 2 —1
e Uiz = UiallP® = = 3" #0s(Z) = w(Z)P = O, (n7)
i=1 i=1

Let F), be the sets on which (43) holds and fix any € > 0. Then for all large
enough n € N and K large enough, by Markov’s inequality

( Z 170 (Z:)]12 > K(52> <1F Z 1704 (Z:)]1? > K(52> + P, FC

gK—w[ ZE B (17 Z0PICns]] | +2/2

<E.

where the expectation is under P, , and F,; D F, is the C,; — measurable
set on which the bound (43) holds for index 4.
(iii) One has

Uni — U,

naet — Y

g B 1 n 5 . 1 n
V=TI < — S Wl [ = T+ S|
=1 ;

1 n
=S UL - E[UU)
=1

The last right hand side term is Op, . (n"/?) by the CLT given the moment
conditions and sampling assumption in Assumption 4.4. Using these same
assumptions with Markov’s inequality, the Cauchy — Schwarz inequality and
(i) yields that the other two right hand side terms are Op, (02 +n").

(iv) This follows from (iii) and the identity A~' — B~! = A=1(B— A)B~!, noting
that (iii) also implies that ||| = Op, . (1).
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(v)

(vi)

Note that g is continuous and ||¢(J)|| is finite by equation (37). We have
o1&
o= o) | £ 2,0+ S0 0 00 v -
i=1

q(J,) is Op,_. (1) by continuity and (iii); v/n||M — M,|| = Op, . (1) by (i);
% > 71 ;Ui converges to zero in probability by the weak law of large num-
bers; 37" | Z{Z(Um — U;) also converges to zero in probability, by the mo-

ment conditions in Assumption 4.4 along with (ii) and the Cauchy — Schwarz

inequality.
We have
I = v
Rn2 = = Q<Jn)Unz [ﬁn Z(Zl) - W(ZZ)]
i
I & .y
= = q1<Jn)gnz [ﬁn z(Z’L> - T‘-(ZZ”
i
N [ iy
- QI(Jn) [EZW”Z(ZZ)Z{z \/_(B 571) +Q1 \/—Zﬂ-nz Ez
i=1
(S30)
By Cauchy — Schwarz, Assumption 4.4 and the argument in (ii),
Lo 1/2 - 1/2
=3 Fail 2021, < Z [0 (Z0) [5 Szl = on,, (1)
i=1 i=1

Since by (iii) q1(J,) = Op,_, (1) and the same holds for v/n(8 — f,), the first
term on the last line in (S30) is op,  (1). By (iii) @ (Jn) = Op,_(1). We may
split the (scaled) sum into

where m,, = |n/2]. We show the first term is op, _(1); the argument for the
second term is analogous. By Assumptions 4.4 and 4.6, with F),; € (C,,)
as in (i), F} = N F,; € 0(C,2) and expectations under P, ., for i # k

with 2,k < m,,,

E [15:7:(Z;)einTni(Zi)ei | ZiyCra] = E [7ni(Z:)Ele| Zi)1 prexTni(Zi)] = 0
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(vii)

(viii)

(ix)

and for i < m,,, by equation (37), for some constant C' € (0, 00),

E [ |17ni(Z)|IP1p1 ] = E [E [€Z;, Cn2) 151|703 (Z:)|?]
< CE [1F,1LE [||7~Tm(Zz)H2‘Cn2H
<062,

Hence, by Markov’s inequality,
1
Z Toni(Zi)€s
=1

Pn,’Y ( > 5) S Pn,’y <]-F7}L \/ﬁ :

1 -
< = Y E[gE [[7:(Z)IP(Cuz]] +o(1)
i=1

1 c
— Z ﬁ-n,z(Zz)ez > 5) + Pn,'yFn
\/ﬁ =1

< m,Co,/n+ o(1)

=o(1).
We have
Rus = <= 3 40Ja) (T = UD(Z)
= %(jn)% ii(énz - Ez)f(Zz>
= ‘h(jn) [% Z f(Zi)Zi,i \/ﬁ(ﬁ — Bn)
op, (1),

by (iii), Assumption 4.4 and the CLT, as
E(f(Z)21]| =E [n(2)Z) — E[n(2)Z]E[ 2, Z}) " Z: Z}] = 0.
Since E[Uf(Z)] = E[E[U|Z]f(Z)] = 0 and q(J,) 225 ¢(J) by (iii), the

moment conditions in Assumption 4.4 allow the application of the CLT to

yield
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Therefore

1
—Z illZuill* = 22\|le|!2+2\!5 Bn\I—Z!IZuH el + 18 = Ball?> ZHZMH4
:OPn,'y( )7

by the moment conditions in Assumption 4.4 combined with Holder’s in-

equality. Therefore by (i) and (iii) along with the continuity of g,

—an Ui [ M = M1] 20312 < aa()

21 - o2 2 -1
o o @ilZulP = O, (7).

We have
1< VNI g

Sua = = S () U [ni(Z0) = 7(Z)] P = an(J Ze Mns(Z)-m (2|
i=1

By (iii) along with the continuity of ¢, and the fact that B, is \/n — consistent,
it will suffice to show that + > |Tni(Zi) — (Z;)||> = Op,_(62). For
this it suffices to show that

zlnz|

1A, y I &< . y
2N Fni(Z)=m(Z)%6 = Or, (50), D FwilZi)=m(Zi)|%€; = Or, . (57).
i=1

i=mn—+1

We will show the first; the second follows analogously. By contiguity it
suffices to show the conclusion under P, .4, ,. In particular, by Markov’s

inequality, for all large enough n € N and large enough K

RN
Pnﬂ,bo,n <ﬁ Z€i7i||7l'n7i(zi)||2 > K(S?L)

=1

1A, s
< Pryio, (1% > bnillina (2P > K@%) + Paryion P
i=1

gK—l(;;?[ ZE LB [[|7ni(Z)1°6,i1Cnz] ] | +2/2,

as Pn,%bo,an — 0 by contiguity. Note that the distribution of (€, Z;)|Cp.2
under P, .4, is that of (¢, Z;)|C,2 under P, given the independence of
Cn 2 from each W; with 1 < i < m,, ensured (under either measure) by the

product structure. Therefore, under P, 4, ., E[€2 ;| Z;i, Cn 2] < C by equation
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(37) and hence
E [1pE [[|7n:(Z:) 1P i|Cn2]] SE[1mE [|17ni(Z)]?|Crz2]] < 62,

where the last inequality follows by the definition of F!. Combing the two
preceding displays yields

1 &
- > NinilZ) = =(Z)1°8,; = Ok, .., . (62) = Op,, (52),
i=1

with the last equality following by contiguity.
(xi) Since || f(Z)|* < 2[|7(Z)|]? + || M]|?]| Z1.]/?], by the moment conditions in
Assumption 4.4 and Cauchy — Schwarz,

—ZHZMH 1£(Z)II* = Op, ,(1).

Therefore by the fact that ¢ is continuous and (iii)

—Zqu Uns = UDS(Z)I? < alJa Z!Iem eill* I f(Z)II*

= ()18 — Ball?= ZHZuH 1£(Z:)I1*
:Opw(n_ )

(xii) Noting the bound on || f(Z;)||* in the previous item by the moment conditions

in Assumption 4.4 and Cauchy — Schwarz,

—Z!Iezl\ 1F(Z)]* = Ok, ,(1).

Since ¢;(J) is locally Lipschitz at any non-singular J, combining the above
with (iii) yields

—ZH ~a(NUS(Z) < (T ZIIUII 1£(Z)I* = Op, (6, +n7").

]

LEMMA S3.2: Suppose that Assumption 4.4 holds and that for each i =1,...,1+
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do = K
| l‘lm |uilC(u, z) =0, (pointwise) v—a.e..
ui|—00

Then, the second two conditions in (37) hold.

Proof. First note that all the integrals exist by the moment conditions in Ass-
sumption 4.4. To evaluate them we integrate by parts. To simplify the notation
we use a different notation from the main text: ¢; and ¢; will denote the derivative
and logarithmic derivative of ( with respect to u;. That is, ggl = ¢; and g%z = (21
for ¢ > 2 and similarly for (. Then for the first condition

/ulél(u, 2)C(u, 2) dv(u, z) = Lh_r}nOO w;iC(u, z) — ul_l)rnoo w;iC(u 21 /C u, z)dv(u, z) =
For j # 1,
w2 v = [ fu [ Gwn) dudtun ) dvaz) =0

where the equality follows because we may integrate by parts to find

/g}(u, 2)du; = {hm C(u,z) — lim ((u, z)} — /0 x C(u,2)du; =0, (S31)

U; —>00 U;——00

where the limits are zero as ( is a density function with respect to A% x vy.
For the second condition let j € {2,..., K'}. Firstly we have

/ulujgbl(u, 2)C(u, z) dv(u, 2) = //uj/ulg](u,z) duy d(ug, . . ., ug) dvg(2)

//uj/Cuzdul gy i) dvg ()
_ / wiC(u, 2) duu, 2)
=0

since E[v] = 0 and

/ulgl(u,z) du, = [lim wC(u, z) — lim ul(u z} /C u, z)duy = /((u,z) du,.

UL —00 Ul ——00
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Secondly suppose that also i € {2,..., K} and note that using (S31):

/ wiun (u, 2)C(u, 2) dv(u, 2) = / / wit; / Gi(u, 2) dug d(ug, . . ., ug) dvg(z) = 0.
O

S3.3 Some technical tools

LEMMA S3.3: Let (my)nen be an increasing sequence of natural numbers such that
My, <N, (Yo i)neNi<i<m, @ triangular array of random vectors and C,, a collection

of random wvariables. Suppose that with probability approaching one either

(i) E[||YnilllCo] < 6,072 for some 6, — 0 and all i < m,,; or
(11) For each component Y, ;s of Y., and any i # j < my,, E[Y,; Y, s|Cn] =0

almost surely and E[Y}?, (|C.] < 8, for some §,, — 0 and all i < m,,.

nzs

Then F o Y, converges to zero in probability.

Proof. If condition (i) holds, E ngl/2 Yo Yl < Suma!*n=1/2 = 0. If condition

n,t,s

2
(ii) holds, IE( e oo Yms> =m,' Y " EY? <4, = 0 for each compo-

nent Y, ; ; of Y, ;. In either case the claim then follows by Markov’s inequality. [

LEMMA S3.4: Suppose that (Yy,i)neni<i<n and (Zyi)neni<i<n 0re triangular arrays
of random wvectors, independent along rows and (b,)nen a sequence of functions

such that each E[b, (Y, ;)?] exists and b a bounded function such that as n — oo,

max E [(b,(Y;.,) — b(Y5:))?] = o(1), max E [(b(Y;;) — b(Z,4))?] = o(1)

1<i<n 1<i<n

and
max E [b,(Y;:) — 0(Zns)] = o(n™?). (S33)

1<i<n

Then, with P, the law of (Yo1,Zn1, -, Yon, Znn)s

n

1+ by ( m)/f_
Zl AR YN A

Proof. (S32) implies that (b,(Y5.))nen1<i<n is uniformly square P, — integrable.
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The Lindeberg condition therefore holds for b, (Y, ;)/v/n:

,}LIQOZE[R ni) 1{]b )| > 0v/n}

< lim sup E [b 21{|b )| > 5\/_}}

n—oo 1<i<n

=0,

for any 0 > 0, which implies that (e.g. Gut, 2005, Remark 7.2.4):

b, (Y. .
max —| n(Yni)| i (S34)

1<i<n \/n

Let € € (0,1) be fixed and define

B = {s Valva <. Fum L izl <<}

1<i<n

Since b is bounded, P,F,, — 1; P, E, — 1 follows from (S34). Hence P, F,NE, —

1. On E, N F, we can perform a two-term Taylor expansion of log(1+z) to obtain

log(1+b,,(Ya,i)/v/n) = log(1 + b(Zu.:)/v/n)
Cba(Vas)  1ba(Vi)?  b(Zng) | 16(Zn)?

Jiooo2 n Jno 2 n
n(052) - n(152)

where |R(z)| < |z|*. Tt follows that

1 & 11 > 2
ln = % Zzlbn(ynﬂ) — b(Zn’Z) - éﬁ Zzl[bn(yn,z) - b<Zn,z> ]
g bn(Yn,i) . b(Zn,i>
r(t) -r(M2).

We will show that the remainder terms vanish. In particular, one has

- llgzag}iz N — bn(Yni)

n

2

i=1

bn (Yn,i)Q
n
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by Markov’s inequality, the fact that b, (Y, ;) is uniformly L, — bounded and (S34),
the right hand side term converges to zero in P, — probability. With b an upper
bound for b,

n

D

i=1

b(Zni) —1/21 -
—e )] < > b
h ( \/ﬁ ) ’ " n = 0

hence the left hand side in the display above is op, (1). Thus,

n

bn = % DY) = b(Zn) = 5 D bn(Yai)? = b(Zns)’] + 0p, (1),

i=1

and it remains to show that \/iﬁ S ba(Yoi) — 0(Zyn;) and 2370 [0,(Va,)? —

b(Z,:)?] also converge to zero in probability. For the second of these we have

< 51% iE [6n(Y0i)? = b(Zn3)?]

<e !'max E [bn(Yn,i)2 - b(Zn,i)Q}

1<i<n

=" max E [(b,(Yi) — b(Zns)) (0n(Yoi) + 0(Z04))]

1<i<n

S (Vo = Wi

— 0,

by Markov’s inequality, the Cauchy—Schwarz inequality, (S32), the fact that b is
bounded and b,,(Y,;) is (uniformly) Ly bounded. For the remaining term, we start
by noting that by (S33) it suffices to show that

Pr

1 - .
— Y bu(Yaa) = b(Zns) =50,
VS

for by (Vi) = bn(Yni) — E[ba(Yes)] and b(Zy,,) = b(Zy:) — E[b(Z,,)]. By (S32),

(S33>, the row-wise independence and Markov’s inequality:
1 >c | < —1 —1 zn: (~ ( ) ~( ))2
52 n ’ ’

i=1
This completes the proof that [, LN 0, as required. O

% Z En(Yn,z) - Z;(Zn,z)
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S4 Additional simulation details & results

S4.1 Single index model
S4.1.1 Design 1

The f; functions used in simulation Design 1 are plotted in Figures S1 — S4. Tables
S1 — S8 display the empirical rejection frequencies for 4 alternative specifications
for the distribution of e: (1) €|¢ ~ v/5(—1)¢ Beta(2,3) with ¢ ~ Bernoulli(1/2);
(2) € = &/3/3/2 with € ~ 1(6); (3) € ~ N(0,log(2 + (X1 + X56))); (4) € ~
N(0,1 + sin(X7)?)." These distributions are referred to as n; for i = 1,2,3,4 in
what follows, with A(0,1) being denoted 7y. As in the A(0,1) case considered
in the main text, the S test is close to the nominal 5% level in all simluation
designs considered. In contrast, the Wald test is often oversized, with the degree
of over-rejection varying across the simulation designs.

Tables S9 and S10 consider the sensitivity of the empirical rejection frequency
of the S test to v. In both cases, the test displays under-rejection for sufficiently

large v, but is otherwise relatively insensitive to this parameter.

S4.1.2 Design 2

The f; functions used in simulation Design 2 are defined as follows. Let b(x) =
1{z > 0}exp(—1/x), a bump function and form the smooth transition function
a(x) = b(x)/(b(x) + b(1 — x)). Then let g(v;a,b) = 1/(1 + exp(—(x —b)/a)), a

logistic function. The double logistic functions used are then defined as

fi(v) = 8¢(v,0.25,0) ;

fo(v) = 4[1{4v < —1}g(4v,0.4, -3)
+ 1{1— <4v < 1}a((4v+1)/2)(1 + ¢(1,0.4,3) — g(—1,0.4,—-3))
+ 1{4v > 1}(1 + g(4v,0.4,3))] ;

f3(v) = 4[1{3v < —1}¢(3v,0.2, -3)
+1{1— < 3v < 1}a((3v+1)/2)(1 + ¢(1,0.2,3) — g(—1,0.2, =3))

+1{3v > 1}(1 + ¢(20,0.2,3))] .
(S35)
These functions are plotted in Figure S5 and their derivatives are plotted in Figure
S6.

" The second distribution for e is based on the corresponding simulation design in Kuchibhotla
and Patra (2020).
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S4.2 TV model

Here I report (i) some additional results from the simulation designs in the main
text and (ii) the results of some additional simulation designs, extending the
simulation study in section 4.2.1 of the main text. In all designs, I consider
n € {200,400,600}. Empirical rejection frequencies are computed based on 5000
simulated data sets in Designs 1, 3, 4 and 2500 simulated data sets in Design 2.

The 7; functions used in the simulations are plotted in Figures S8 — S10.

S4.2.1 Additional results from simulation designs 1 & 2

Design 1: Univariate, just identified Table S15 records the empirical rejec-
tion frequencies of the S tests in Design 1 with & = 3 fixed and k chosen by AIC /
BIC as v is varied. These results demonstrate that the choice of v plays a limited
role in most of the simulation designs. For the weakly identified designs a larger v
seems to be necessary to avoid some overejection. For the non-linear designs, the
degree of overrejection observed here when v is chosen too small is limited and
remains substantially below that of the TSLS Wald and GMM tests (as recorded
in Table 9) in all cases. For the linear designs the degree of overrejection is slightly
larger and similar to that shown by the TSLS Wald test (and subtantially below
that shown by the GMM tests).

Design 2: Bivariate, just identified Tables S16 and S17 report the empirical
rejection frequencies of the considered tests when (i) m; and 7, have the same
form, but with j fixed at 3 for 7y and (ii) where 7y is always linear with j = 3.
These tables show qualitative the same patterns as Table 10 in the main text:
the S tests based on Legendre polynomials and AR test always show rejection
frequencies close to the nominal level. The S test with OLS estimates is either
close to the nominal level or underrejects, depending on the particular sub-design.
The TSLS Wald test tends to overreject as do the GMM tests.

Tables S18, S19, S20 and S21 correspond, respectively, to the designs of Ta-
bles 10, 11, S16 and S17 and show that in these designs, the empirical rejection
frequencies are relatively insensitive to the choice of v.

Figures S11 — S19 display power surfaces in the settings of Figures 7 — 15 with
the number of polynomials k& chosen by information criteria. As noted in the main
text, choosing k£ by AIC yields power surfaces which are similar to those with
k = 3 fixed; choosing k£ by BIC tends to provide slightly lower power.

Finally, figures S20 — S25 display power surfaces where m; is either exponential
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or logistic and 7y is linear. These show qualitatively similar behaviour to the
power surfaces in the main text. One notable case is the strongly identified case
with m; exponential and 7y linear (Figure S20) here the AR test is able to detect
violations of the null in A3 but not 6; — as the identfying information pertaining to
the latter cannot be captured by a linear first stage — whilst the S test can detect

violations in any direction.

S4.2.2 Additional simulation designs

Design 3: Univariate, just identified, heteroskedastic This design is the
same as Design 1 in the main text with the addition of heteroskedastic errors.
In particular, dg = 1, Z; = 1 and Zy ~ N(0,1) is univariate. The considered
7w(Z) = w(Zy) are the exponential, logistic and linear functions detailed in Table
8 and plotted in Figures S8 — S10, for j = 1,2,3. I draw (€, 0) from a multivariate

normal distribution with unit variances and covariance 0.95 and set

- ]

The same tests are considered as in Design 1 in the main text, with the AR and

1 + sin(Z)? 0
0 1 + cos(Z3)?

TSLS tests adapted to account for heteroskedasticity (following Andrews, Stock,
and Sun (2019) for the AR test) and the GMM tests using a (feasible) efficient
weighting matrix.

The empirical rejection frequencies under the null for each of these tests are
reported in Table S22 with v = 0.1, which reveal that similar patterns hold in
this heteroskedastic design: the null rejection probability of the S tests is well
controlled in all scenarios, with some conservativeness for high j and rejection
rates close to the nominal 5% level for lower j. The behaviour of the other tests
is also similar to as in Design 1: the AR test always yields a rejection frequency
of around 5%, whilst the TSLS Wald test generally provides a rejection frequency
close to the nominal level when j is low, but begins to overreject as j increases.
The same pattern is seen for the four GMM tests which exhibit substantial over-
rejection in weakly identified settings (i.e. high j). The sensitivity of the rejection
frequencies to the choice of v is examined in Table S23, which reveals qualitatively
the same behaviour as in Design 1.

The power of the S tests and the AR test in this design is examined in figures
526 — S28. The results are similar to the homoskedastic case. In particular, in the

case with 7 exponential the AR test provides very little power across all j, whilst
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the S tests provide substantial power for j = 1,2. For logistic m, the AR test
and those S tests provide comparable power. Finally for the linear 7 simulations,
the AR test provides the most power. In the case 7 = 1, the OLS based S tests
provides comparable power to the AR test with the Legendre polynomial based
test not far behind; both S tests perform slightly worse when j = 2.

Design 4: Univariate, over identified This design is based on Design 1 in
the main text with the difference that Z, is bivariate whilst X remains scalar.
In particular, dp = 1, Z; = 1 and Zy ~ N(0, Var(Z;)) where Var(Zy) = [ %]
I draw (e,v) from a multivariate normal distribution with unit variances and
covariance 0.95. 7 is formed by taking the mean of two of exponential, logistic
and linear functions,'? one evaluated at Z,; and the other at Zs .

The S tests considered estimate 7 by either (i) OLS or (i) series regressions
using tensor product bases formed of Legendre polynomials, both with v = 0.1.
I additionally report the results of GMM Wald and LM tests using these tensor
product bases as instruments and the TSLS Wald test and AR, LM (Kleibergen,
2002) and CLR (Moreira, 2003) tests.'?

Tables S24 reports the empirical rejection frequencies of the S tests and the
other considered tests. Similar to the other designs, the S tests have empirical
rejection frequencies which do not substantially exceed the nominal 5% level in
any of the considered cases. When OLS is used to estimate m, the S displays
some underrejection for the weakly identified designs and where 7; is exponential.
The other tests behave as one would expect: each of the “usual” weak-instrument
robust tests (AR, LM & CLR) have rejection rates which are close to the nominal
5% level across all simulation designs. As in other designs, the TSLS Wald and
GMM based tests display rejection frequencies close to the nominal 5% level in
(some of the) strongly identified cases, but overreject substantially as identification
weakens.

Table S25 investigates the sensitivity of the (Legendre polynomial based) S
tests to the choice of v. For the weakly identified designs a larger v seems to be
necessary to avoid some slight overejection. Nevertheless, the overrejection found
when v is too small is minor in each case and substantially below that observed
for the TSLS Wald or GMM based tests.

The power of the S, AR, LM and CLR tests is plotted in figures S29 — S31.

1235 detailed in Table 8 and plotted in Figures S8 — S10.
13The CLR test is implemented using the p-value approximation given by Andrews, Moreira,
and Stock (2007).
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Similar to in Design 1, in the exponential case only the S tests (with 7 estimated
non-parametrically) provide non-trivial power. These tests appear to have better
finite sample performace either for k fixed at 3 or when £ is chosen by AIC. For the
logistic case, the S test based on Legendre polynomials or OLS are competitive
with the CLR and LM tests and provide more power than the AR test when £k is
fixed at 3; when k is chosen by AIC the power declines slightly; using BIC causes
a substantial power decline. In the linear case, unsurprisingly the LM and CLR
tests provide the most power, with the AR test providing slightly more than the
Legendre based S test.

S5 Tables and Figures

Figure S1: Index functions f;(v) = 5exp(—v*/2c})
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Figure S2: Derivatives fj(v) of index functions f;(v) = 5exp(—v?/2¢5)
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Figure 83: Index functions f;(v) = 25 (1 + exp(—v/c;))”"
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Figure S4: Derivatives f}(v) of index functions f;(v) = 25 (1 + exp(—v/c;)) !
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j—1—2—3

Figure S5: Double logistic index functions as in (S35)
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Figure S6: Derivatives of double logistic index functions as in (S35)
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Table S1:  ERF (%) €/¢ ~ /5(—1)*Beta(2,3), & ~ Bernoulli(1/2), fj(v) =
Sexp(—v2/205)

X = (21, %) X = (2,,027; + 0.4Z5 + 0.8)
n fi f2 f3 fi f2 f3

S

400 5.94 5.66 5.08 5.46 5.20 4.98
600 4.90 5.06 4.34 5.64 5.40 4.90
800 5.56 5.82 5.26 5.16 4.88 4.50

Wald

400 14.24 22.14 13.82 14.36 18.70 13.78
600 11.24 22.30 14.24 12.04 16.74 12.16
800 11.14 20.24 14.92 8.98 14.34 11.12

Notes: Based on 5000 Monte carlo replications. The Zj ~
U(-1,1) are independently drawn.
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Table S2:  ERF (%) €/¢ ~ V/5(—1)*Beta(2,3), & ~ Bernoulli(1/2), fj(v) =
25 (1 4 exp(—v/cj)) "

X = (21, %) X = (21,027: + 0.4Z5 +0.8)
n f1 fa f3 f1 f2 f3

S

400 4.92 5.02 4.86 6.26 5.94 5.62
600 4.56 4.40 4.74 4.90 4.96 4.90
800 4.40 4.52 4.56 4.90 4.42 4.46

Wald

400 6.94 12.62 13.06 8.12 10.86 9.72
600 5.78 10.62 15.90 6.08 8.48 9.18
800 5.70 8.64 17.84 5.56 7.92 11.08

Notes: Based on 5000 Monte carlo replications. The Z; ~
U(-1,1) are independently drawn.

Table S3: ERF (%) € = £//3/2, £ ~ (6), f;(v) = 5exp(—v2/20?)

X = (Z1, %) X = (21,022, + 0.4Z5 +0.8)
n fi fa f3 fi fa f3

S

400 5.86 5.58 5.64 5.30 5.14 4.64
600 5.60 5.50 5.36 5.76 5.66 5.14
800 5.58 5.32 5.42 5.70 5.62 5.56

Wald

400 14.64 23.16 13.80 14.52 18.72 13.22
600 12.18 23.34 13.94 11.84 16.92 12.78
800 11.26 19.70 14.44 10.70 16.44 11.48

Notes: Based on 5000 Monte carlo replications. The Zj ~
U(—1,1) are independently drawn.

o8



Table S4: ERF (%) € = £/+/3/2, € ~ t(6), f;(v) = 25 (1 + exp(—v/c;)) "

X = (21, %) X = (Z1,0.2Z1 +0.4Z5 + 0.8)
n f1 fa f3 f1 f2 f3

S

400 5.32 5.16 5.16 6.02 5.52 5.32
600 5.32 5.44 5.34 5.62 5.36 5.26
800 5.12 5.26 5.20 5.66 5.42 5.40

Wald

400 7.36 12.94 12.90 8.40 11.56 9.10
600 6.54 10.74 15.76 6.64 9.36 9.30
800 5.88 9.24 16.92 6.42 8.46 12.38

Notes: Based on 5000 Monte carlo replications. The Z; ~
U(-1,1) are independently drawn.

Table S5: ERF (%) € ~ N(0,log(2 + (X1 + X26)?)), fj(v) = 5exp(—v?/2¢3)

X =(Z1,25) X =(41,0.2Z1 +0.4Z5 + 0.8)
n fi fa f3 fi fa f3

S

400 5.84 5.70 5.30 5.36 5.26 5.12
600 5.38 5.36 5.20 5.66 5.32 4.86
800 5.52 5.50 5.50 5.74 6.06 5.70

Wald

400 18.46 30.50 14.08 19.42 23.14 15.64
600 15.12 29.20 15.06 14.90 21.86 15.46
800 13.60 24.72 17.08 14.02 21.70 14.98

Notes: Based on 5000 Monte carlo replications. The Zj ~
U(—1,1) are independently drawn.
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Table S6: ERF (%) € ~ N(0,1og(2 + (X1 + X20)?)), fi(v) = 25 (1 + exp(—v/c;)) "

X = (Z1, %) X = (21,0221 + 0.4Z5 +0.8)
n fi f2 /3 fi f2 f3

S

400 5.36 5.30 5.26 6.20 5.68 5.38
600 5.40 5.34 5.42 5.50 5.54 9.52
800 5.28 5.26 5.26 5.82 5.26 5.46

Wald

400 5.88 13.52 14.90 6.64 12.94 10.84
600 4.76 10.36 20.26 5.30 10.70 11.40
800 4.30 8.82 21.86 4.56 9.64 14.28

Notes: Based on 5000 Monte carlo replications. The Z; ~
U(-1,1) are independently drawn.

Table S7: ERF (%) € ~ N'(0,1 +sin(X1)?), f;(v) = 5exp(—v?/2¢5)

X = (21, %) X = (21,0.2Z, + 0.4Z5 + 0.8)
n fi fo f3 f1 f2 f3

S

400 5.76 5.42 5.74 5.38 5.42 5.06
600 5.50 5.54 5.20 5.82 5.48 5.40
800 5.60 5.30 5.50 5.62 5.82 5.40

Wald

400 18.48 22.82 14.28 17.72 20.36 14.58
600 14.22 27.06 14.96 14.46 19.36 14.54
800 13.70 25.38 14.38 12.06 19.52 13.50

Notes: Based on 5000 Monte carlo replications. The Zj ~
U(—1,1) are independently drawn.
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Table S8: ERF (%) € ~ N(0,1 + sin(X;)?), fi(v) = 25 (1 + exp(—v/c;)) "

X =(Z1,25) X =(41,0.2Z, +0.4Z5 + 0.8)

n S f2 f3 Vil f2 I3

S

400 5.28 5.10 5.18 6.06 5.68 5.24
600 5.38 5.26 5.50 5.44 5.32 5.24
800 5.02 5.10 5.04 5.66 5.42 5.46
Wald

400 8.48 14.88 12.14 8.68 13.12 10.00
600 7.90 13.10 14.10 6.80 11.60 9.90
800 7.40 11.60 16.98 6.16 9.54 11.56

Notes: Based on 5000 Monte carlo replications. The Zj ~

U(—1,1) are independently drawn.

Figure S7: ERF (%) € ~ N(0,1), index function as in (S35), X = (Z1,0.2224+0.4Z>+

0.8)

— § - - Wad

Based on 5000 Monte carlo replications. The Zj ~ U(—3/2,3/2) are independently drawn.
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Table S9: ERF (%) f;i(v) = 5exp(—fu2/20?)

X =(21,Z2) X =(21,0.2Z1 +0.4Z5 + 0.8)

-

n j 10! 1073 107% 1077 o 10°' 1073 107® 1077 0

400 1 5.86 5.86 5.86 5.86 5.86 4.06 5.30 5.30 5.30 5.30
400 2 1.32 5.58 5.58 5.58 5.58 0.34 5.14 5.14 5.14 5.14
400 3 0.38 5.12 5.64 5.64 5.64 0.16 4.30 4.64 4.64 4.64

600 1 5.60 5.60 5.60 5.60 5.60 3.88 5.76 5.76 5.76 5.76
600 2 0.94 5.50 5.50 5.50 5.50 0.28 5.66 5.66 5.66 5.66
600 3 0.44 5.08 5.36 5.36 5.36 0.06 4.96 5.14 5.14 5.14

800 1 5.58 5.58 5.58 5.58 5.58 3.74 5.70 5.70 5.70 5.70
800 2 0.76 5.32 5.32 5.32 5.32 0.18 5.62 5.62 5.62 5.62
800 3 0.34 5.20 5.42 5.42 5.42 0.08 5.42 5.56 5.56 5.56
€~ M1

400 1 5.94 5.94 5.94 5.94 5.94 3.76 5.46 5.46 5.46 5.46

400 2 1.38 5.66 5.66 5.66 5.66 0.10 5.20 5.20 5.20 5.20
400 3 0.38 4.66 5.08 5.08 5.08 0.04 4.68 4.98 4.98 4.98

600 1 4.90 4.90 4.90 4.90 4.90 3.90 5.64 5.64 5.64 5.64
600 2 1.08 5.06 5.06 5.06 5.06 0.14 5.40 5.40 5.40 5.40
600 3 0.38 4.12 4.34 4.34 4.34 0.06 4.78 4.90 4.90 4.90
800 1 5.56 5.56 5.56 5.56 5.56 4.08 5.16 5.16 5.16 5.16

800 2 0.78 5.82 5.82 5.82 5.82 0.12 4.88 4.88 4.88 4.88

800 3 0.16 5.02 5.26 5.26 5.26 0.06 4.42 4.50 4.50 4.50
€~ M2

400 1 5.18 5.18 5.18 5.18 5.18 4.06 6.04 6.04 6.04 6.04
400 2 1.30 5.14 5.14 5.14 5.14 0.50 5.86 5.86 5.86 5.86
400 3 0.44 4.34 4.56 4.58 4.58 0.22 5.28 5.64 5.64 5.64
600 1 5.44 5.44 5.44 5.44 5.44 3.70 5.50 5.50 5.50 5.50
600 2 0.92 5.42 5.42 5.42 5.42 0.28 5.38 5.38 5.38 5.38
600 3 0.34 4.84 5.14 5.14 5.14 0.14 5.10 5.24 5.24 5.24
800 1 5.32 5.32 5.32 .32 5.32 3.14 5.10 5.10 5.10

5 5.10
800 2 0.74 5.62 5.62 5.62 5.62 0.22 5.14 5.14 5.14 5.14
800 3 0.26 4.86 5.12 5.12 5.12 0.14 5.40 5.58 5.58 5.58

400 1 5.84 5.84 5.84 5.84 5.84 5.08 5.36 5.36 5.36 5.36
400 2 1.62 5.70 5.70 5.70 5.70 0.64 5.26 5.26 5.26 5.26
400 3 0.56 4.94 5.30 5.30 5.30 0.32 4.86 5.12 5.12 5.12

600 1 5.38 5.38 5.38 5.38 5.38 5.30 5.66 5.66 5.66 5.66
600 2 1.26 5.36 5.36 5.36 5.36 0.46 5.32 5.32 5.32 5.32
600 3 0.40 4.94 5.20 5.20 5.20 0.14 4.74 4.86 4.86 4.86

800 1 5.52 5.52 5.52 5.52 5.52 5.58 5.74 5.74 5.74 5.74
800 2 0.94 5.50 5.50 5.50 5.50 0.50 6.06 6.06 6.06 6.06
800 3 0.36 5.36 5.50 5.50 5.50 0.14 5.50 5.70 5.70 5.70

400 5.76 5.76 5.76 5.76 5.76 5.18 5.38 5.38 5.38 5.38
400 2 2.22 5.42 5.42 5.42 5.42 0.64 5.42 5.42 5.42 5.42

-

400 3 0.70 5.28 5.74 5.74 5.74 0.32 4.80 5.06 5.06 5.06
600 1 5.50 5.50 5.50 5.50 5.50 5.52 5.82 5.82 5.82 5.82
600 2 2.00 5.54 5.54 5.54 5.54 0.46 5.48 5.48 5.48 5.48
600 3 0.70 5.02 5.20 5.20 5.20 0.14 5.32 5.40 5.40 5.40
800 1 5.60 5.60 5.60 5.60 5.60 5.46 5.62 5.62 5.62 5.62
800 2 1.66 5.30 5.30 5.30 5.30 0.52 5.82 5.82 5.82 5.82
800 3 0.38 5.34 5.50 5.50 5.50 0.18 5.28 5.40 5.40 5.40

Notes: Based on 5000 Monte carlo replications. The Z, ~ U(—1,1)
are independently drawn.
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Table S10: ERF (%) f;(v) = 25 (1 + exp(—v/c;)) "

X = (21, 22) X =(Z1,0.2Z1 + 0.4Z5 + 0.8)
n j 10°' 1073 107° 1077 o 107 1073 107% 1077 0
€~ o
400 1 5.32 5.32 5.32 5.32  5.32 6.02 6.02 6.02 6.02  6.02

400 2 5.16 5.16 5.16 5.16 5.16 5.38 5.52 5.52 5.52 5.52
400 3 0.50 5.16 5.16 5.16 5.16 0.22 5.32 5.32 5.32 5.32

600 1 5.32 5.32 5.32 5.32 5.32 5.62 5.62 5.62 5.62 5.62
600 2 5.44 5.44 5.44 5.44 5.44 5.32 5.36 5.36 5.36 5.36
600 3 0.28 5.34 5.34 5.34 5.34 0.06 5.26 5.26 5.26 5.26

800 1 5.12 5.12 5.12 5.12 5.12 5.66 5.66 5.66 5.66 5.66
800 2 5.26 5.26 5.26 5.26 5.26 5.40 5.42 5.42 5.42 5.42
800 3 0.32 5.20 5.20 5.20 5.20 0.08 5.40 5.40 5.40 5.40

400 1 4.92 4.92 4.92 4.92 4.92 6.26 6.26 6.26 6.26 6.26
400 2 5.02 5.02 5.02 5.02 5.02 5.88 5.94 5.94 5.94 5.94
400 3 0.40 4.86 4.86 4.86 4.86 0.10 5.62 5.62 5.62 5.62

600 1 4.56 4.56 4.56 4.56 4.56 4.90 4.90 4.90 4.90 4.90
600 2 4.40 4.40 4.40 4.40 4.40 4.94 4.96 4.96 4.96 4.96
600 3 0.50 4.74 4.74 4.74 4.74 0.08 4.90 4.90 4.90 4.90

800 1 4.40 4.40 4.40 4.40 4.40 4.90 4.90 4.90 4.90 4.90
800 2 4.52 4.52 4.52 4.52 4.52 4.42 4.42 4.42 4.42 4.42
800 3 0.22 4.56 4.56 4.56 4.56 0.08 4.46 4.46 4.46 4.46

€~ N2

400 1 5.06 5.06 5.06 5.06 5.06 6.24 6.24 6.24 6.24 6.24
400 2 5.14 5.14 5.14 5.14 5.14 5.56 5.72 5.72 5.72 5.72
400 3 0.66 5.34 5.34 5.34 5.34 0.20 5.62 5.62 5.62 5.62
600 1 5.44 5.44 5.44 5.44 5.44 5.70 5.70 5.70 5.70 5.70
600 2 5.38 5.38 5.38 5.38 5.38 5.32 5.54 5.54 5.54 5.54
600 3 0.46 5.38 5.38 5.38 5.38 0.14 5.62 5.62 5.62 5.62
800 1 5.44 5.44 5.44 5.44 5.44 5.82 5.82 5.82 5.82

5.82
800 2 4.96 4.96 4.96 4.96 4.96 5.56 5.60 5.60 5.60 5.60
800 3 0.26 4.98 4.98 4.98 4.98 0.16 5.68 5.68 5.68 5.68

400 1 5.36 5.36 5.36 5.36 5.36 6.20 6.20 6.20 6.20 6.20
400 2 5.30 5.30 5.30 5.30 5.30 5.56 5.68 5.68 5.68 5.68
400 3 0.72 5.26 5.26 5.26 5.26 0.40 5.38 5.38 5.38 5.38

600 1 5.40 5.40 5.40 5.40 5.40 5.50 5.50 5.50 5.50 5.50
600 2 5.34 5.34 5.34 5.34 5.34 5.52 5.54 5.54 5.54 5.54
600 3 0.58 5.42 5.42 5.42 5.42 0.22 5.52 5.52 5.52 5.52

800 1 5.28 5.28 5.28 5.28 5.28 5.82 5.82 5.82 5.82 5.82
800 2 5.26 5.26 5.26 5.26 5.26 5.24 5.26 5.26 5.26 5.26
800 3 0.52 5.26 5.26 5.26 5.26 0.14 5.46 5.46 5.46 5.46

€~ 14

400 1 5.28 5.28 5.28 5.28 5.28 6.06 6.06 6.06 6.06 6.06
400 2 5.10 5.10 5.10 5.10 5.10 5.68 5.68 5.68 5.68 5.68
400 3 1.22 5.18 5.18 5.18 5.18 0.32 5.24 5.24 5.24 5.24
600 1 5.38 5.38 5.38 5.38 5.38 5.44 5.44 5.44 5.44 5.44
600 2 5.26 5.26 5.26 5.26 5.26 5.32 5.32 5.32 5.32 5.32
600 3 0.88 5.50 5.50 5.50 5.50 0.16 5.24 5.24 5.24 5.24
800 1 5.02 5.02 5.02 5.02 5.02 5.66 5.66 5.66 5.66 5.66
800 2 5.10 5.10 5.10 5.10 5.10 5.42 5.42 5.42 5.42 5.42
800 3 0.76 5.04 5.04 5.04 5.04 0.22 5.46 5.46 5.46 5.46

Notes: Based on 5000 Monte carlo replications. The Z; ~ U(—1,1)
are independently drawn.
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Table S11: ERF (%) €|¢ ~ v/5(—1)¢ Beta(2,3), index function as in (S35)
X =(Z1,22) X =(2,,02Z, 4+ 0475+ 0.8)

n fi f2 f3 fi f2 f3

S

400 6.40 6.22 5.50 7.12 6.42 5.54

600 5.86 5.52 5.26 5.92 5.86 5.26

800 5.60 5.22 4.90 5.26 5.72 5.08
Wald

400 13.32 7.22 3.66 14.28 7.96 3.76

600 11.70 7.34 2.66 12.46 7.62 2.12

800 10.22 6.36 1.14 9.84 7.04 1.14

Notes: Based on 5000 Monte carlo replications. The Zp ~

U(-3/2,3/2) are independently drawn.

Table S12: ERF (%) € = £/+/3/2, £ ~ t(6),, index function as in (S35)

X =(Z1,22) X =(2,02Z, 4+ 0475+ 0.8)

n S P I3 fi P I3

S

400 6.32 6.34 5.88 6.48 5.56 5.16
600 6.12 5.50 5.08 6.26 5.52 5.24
800 5.76 5.56 4.38 5.52 5.32 4.86
Wald

400 13.12 8.52 3.68 13.62 7.94 3.62
600 11.20 6.82 2.50 11.84 7.18 2.30
800 11.28 6.30 1.64 10.72 7.12 1.14

Notes: Based on 5000 Monte carlo replications. The Zj ~

U(-3/2,3/2) are independently drawn.
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Table S13: ERF (%) € ~ N(0,10g(2 + (X1 + X260)?)), index function as in (S35)

X = (Zl, ZQ) X = (21,0.2Z1 +0.4Z5 + 08)

n fi f2 f3 fi f2 f3

S

400 6.74 6.42 6.28 6.74 6.32 5.78
600 6.32 5.60 5.74 5.56 5.94 5.42
800 5.64 5.64 4.80 6.20 5.28 5.18
Wald

400 11.36 9.58 5.74 10.96 9.22 5.64
600 9.38 7.20 2.92 8.96 7.84 3.00
800 7.46 7.04 1.80 8.78 7.10 1.76

Notes: Based on 5000 Monte carlo replications. The Zp ~

U(—-3/2,3/2) are independently drawn.

Table S14: ERF (%) € ~ N(0,1og(2 + (X1 + X260)?)), index function as in (S35)

X =(Z1,25) X =(Z1,0.2Z1 +0.4Z5 + 0.8)

n f1 f2 [ f1 f2 f3

S

400 6.42 5.72 6.54 6.40 6.02 5.92
600 6.30 5.50 5.46 5.28 5.36 5.92
800 5.56 5.56 5.26 5.88 5.64 5.18
Wald

400 10.50 8.80 5.86 12.02 9.80 5.64
600 9.22 7.56 3.48 9.66 7.62 3.46
800 7.80 6.58 2.38 8.00 7.50 2.62

Notes: Based on 5000 Monte carlo replications. The Z; ~

U(-3/2,3/2) are independently drawn.
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Figure S10: 7;(2) = ¢;2

o-

1—2—3

Table S15: Empirical rejection frequencies, Design 1

k=6 AIC BIC

n 4 10°' 107% 107%° 1077 o 101! 1073  107% 1077 o 10°' 1073 107% 1077 0
Ezponential
200 1 5.78 5.78 5.78 5.78 5.78 5.78 5.78 5.78 5.78 5.78 5.70 5.70 5.70 5.70 5.70
200 2 6.16 6.16 6.16 6.16 6.16 6.16 6.16 6.16 6.16 6.16 6.20 6.20 6.20 6.20 6.20
200 3 6.14 9.32 9.32 9.32 9.32 6.14 9.32 9.32 9.32 9.32 6.38 9.00 9.00 9.00 9.00
400 1 5.18 5.18 5.18 5.18 5.18 5.18 5.18 5.18 5.18 5.18 5.08 5.08 5.08 5.08 5.08
400 2 5.74 5.74 5.74 5.74 5.74 5.74 5.74 5.74 5.74 5.74 5.60 5.60 5.60 5.60 5.60
400 3 3.18 8.70 8.70 8.70 8.70 3.18 8.70 8.70 8.70 8.70 3.72 8.40 8.40 8.40 8.40
600 1 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30
600 2 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.40 5.40 5.40 5.40 5.40
600 3 2.14 7.92 7.92 7.92 7.92 2.14 7.92 7.92 7.92 7.92 2.64 7.86 7.86 7.86 7.86
Logistic
200 1 5.00 5.00 5.00 5.00 5.00 5.00 5.00 5.00 5.00 5.00 4.52 4.52 4.52 4.52 4.52
200 2 4.74 4.74 4.74 4.74 4.74 4.74 4.74 4.74 4.74 4.74 4.78 4.78 4.78 4.78 4.78
200 3 6.80 9.20 9.20 9.20 9.20 6.80 9.20 9.20 9.20 9.20 6.92 8.64 8.64 8.64 8.64
400 1 4.86 4.86 4.86 4.86 4.86 4.60 4.60 4.60 4.60 4.60 4.54 4.54 4.54 4.54 4.54
400 2 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.00 5.00 5.00 5.00 5.00
400 3 4.26 8.58 8.58 8.58 8.58 4.26 8.58 8.58 8.58 8.58 4.62 7.96 7.96 7.96 7.96
600 1 5.46 5.46 5.46 5.46 5.46 5.30 5.30 5.30 5.30 5.30 4.76 4.76 4.76 4.76 4.76
600 2 5.46 5.46 5.46 5.46 5.46 5.46 5.46 5.46 5.46 5.46 5.44 5.44 5.44 5.44 5.44
600 3 3.68 8.08 8.08 8.08 8.08 3.68 8.08 8.08 8.08 8.08 3.92 7.62 7.62 7.62 7.62
Linear
200 1 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.50 5.50 5.50 5.50 5.50
200 2 7.04 8.56 8.56 8.56 8.56 7.04 8.56 8.56 8.56 8.56 7.06 8.14 8.14 8.14 8.14
200 3 466 11.38 11.38  11.38  11.38 466 11.38 11.38  11.38  11.38 5.28 10.60 10.60 10.60  10.60
400 1 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32
400 2 5.08 7.98 7.98 7.98 7.98 5.08 7.98 7.98 7.98 7.98 5.18 7.48 7.48 7.48 7.48
400 3 1,12 1214 1214 12,14 12.14 1,12 1214 1214 12,14 12.14 2.08 11.34 11.34  11.34  11.34
600 1 5.58 5.58 5.58 5.58 5.58 5.58 5.58 5.58 5.58 5.58 5.62 5.62 5.62 5.62 5.62
600 2 4.30 7.44 7.44 7.44 7.44 4.30 7.44 7.44 7.44 7.44 4.62 7.26 7.26 7.26 7.26
600 3 0.28 11.18 11.18 11.18 11.18 0.28 11.18 11.18 11.18  11.18 0.66  10.48  10.48  10.48  10.48

Notes: Based on 5000 Monte carlo replications. All tests use Legendre polynomials to estimate 7.
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Table S16: Empirical rejection frequencies, IV, Design 2, 71, w5 same form with
J =5 for my

S AR TSLSW GMMW GMM LM
n j OLS k=3 AIC BIC

FExponential

200 1 2.62 5.70 5.58 5.30 5.28 21.00 93.88 54.52
200 2 1.74 576 5.68 5.26 5.28 25.84 95.02 56.78
200 3 0.92 550 5.46 5.06 5.28 36.94 99.40 76.08
400 1 0.24 5.78 5.78 5.22 5.20 20.02 78.92 39.90
400 2 0.06 568 5.68 5.62 5.20 24.14 81.04 40.68
400 3 0.02 6.48 6.48 5.68 5.20 35.00 95.40 59.42
600 1 0.08 582 5.82 522 5.34 20.96 68.12 31.50
600 2 0.00 580 5.80 5.46 5.34 25.24 69.98 32.28
600 3 0.00 6.34 6.34 6.24 5.34 36.68 88.00 48.02
Logistic

200 1 5.78 554 398 4.02 5.28 8.88 87.08 47.96
200 2 5.68 562 5.66 5.36 5.28 8.48 85.84 47.24
200 3 4.56 516 5.14 4.84 5.28 8.72 95.36 60.26
400 1 5.92 6.02 5.56 4.96 5.20 7.38 66.74 32.40
400 2 5.78 592 592 568 5.20 7.24 65.46 31.32
400 3 4.52 6.16 6.16 5.80 5.20 7.42 79.14 42.14
600 1 5.92 540 5.00 4.14 5.34 7.04 53.42 27.08
600 2 5.84 526 5.26 4.98 5.34 6.88 52.02 26.38
600 3 4.12 594 594 562 5.34 6.94 63.94 32.82
Linear

200 1 5.08 534 5.30 4.96 5.28 17.48 99.54 83.06
200 2 4.24 5.18 5.16 4.92 5.28 15.28 99.74 85.92
200 3 2.38 5.74 578 534 5.28 15.28 99.98 95.46
400 1 5.04 6.10 6.10 5.98 5.20 12.72 98.56 77.96
400 2 3.74 6.30 6.30 5.96 5.20 11.96 98.86 79.30
400 3 0.34 6.92 6.92 6.20 5.20 12.16 99.96 91.84
600 1 5.14 524 524 494 5.34 12.22 96.84 74.44
600 2 3.72 6.24 6.24 5.74 5.34 11.42 97.12 74.04
600 3 0.00 6.04 6.04 558 5.34 11.34 99.78 88.42

Notes: Based on 2500 Monte carlo replications. k = 3 indicates that each univariate
series forming the tensor series has k = 3.

68



Table S17: Empirical rejection frequencies, IV, Design 2, my = c3Z22

S AR TSLSW GMMW GMM LM
n j OLS k=3 AIC BIC

Exponential

200 1 274 582 5.68 5.34 5.28 13.08 99.66 83.68
200 2 222 594 5.84 532 5.28 17.98 99.70 85.30
200 3 140 524 522 4.94 5.28 29.20 99.94 92.38
400 1 040 6.02 6.02 5.64 5.20 9.38 98.66 78.10
400 2 0.10 594 594 5.58 5.20 14.16 98.92 79.46
400 3 0.06 6.56 6.56 5.88 5.20 26.64 99.68 86.80
600 1 0.10 5.72 5.72 522 b5.34 8.96 96.94 74.46
600 2 0.00 5.82 582 550 5.34 14.40 97.46 75.12
600 3 0.00 640 6.40 5.80 5.34 27.80 99.22 82.16
Logistic

200 1 5.16 560 4.42 4.64 5.28 18.22 99.62 82.86
200 2 510 562 556 5.40 5.28 17.94 99.62 83.70
200 3 4.52 530 5.30 5.04 5.28 14.74 99.80 86.88
400 1 5.00 6.16 594 5.12 5.20 13.22 98.72 78.72
400 2 5.02 6.16 6.16 5.94 5.20 13.04 98.70 79.14
400 3 4.00 6.28 6.28 5.94 5.20 11.84 99.04 80.50
600 1 520 5.60 4.72 4.12 5.34 12.52 97.32 74.84
600 2 5.14 546 5.46 5.14 5.34 12.36 97.18 75.16
600 3 3.72 632 6.32 5.88 b5.34 11.34 97.44 74.64
Linear

200 1 5.08 534 530 4.96 5.28 17.48 99.54 83.06
200 2 424 518 5.16 4.92 5.28 15.28 99.74 85.92
200 3 238 574 578 534 b5.28 15.28 99.98 95.46
400 1 5.04 6.10 6.10 5.98 5.20 12.72 98.56 77.96
400 2 3.74 6.30 6.30 5.96 5.20 11.96 98.86 79.30
400 3 034 692 6.92 6.20 5.20 12.16 99.96 91.84
600 1 5.14 524 524 494 5.34 12.22 96.84 74.44
600 2 3.72 6.24 6.24 5.74 5.34 11.42 97.12 74.04
600 3 0.00 6.04 6.04 5.58 5.34 11.34 99.78 88.42

Notes: Based on 2500 Monte carlo replications. k£ = 3 indicates that each univariate
series forming the tensor series has k = 3.

69



Table S18: Empirical rejection frequencies, IV, Design 2, 7y ; = ma ;

k=3 AIC BIC

n j 100' 1073 107%° 1077 o 107 1073 107% 1077 o 107 1073 107% 1077 0

Ezponential

200 1 4.88 4.88 4.88 4.88 4.88 4.80 4.80 4.80 4.80 4.80 4.90 4.90 4.90 4.90 4.90
200 2 5.44 5.44 5.44 5.44 5.44 5.40 5.40 5.40 5.40 5.40 5.14 5.14 5.14 5.14 5.14
200 3 5.50 5.08 5.08 5.08 5.08 5.46 5.04 5.04 5.04 5.04 5.06 4.76 4.76 4.76 4.76

400 1 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.64 4.64 4.64 4.64 4.64
400 2 4.96 4.96 4.96 4.96 4.96 4.96 4.96 4.96 4.96 4.96 4.82 4.82 4.82 4.82 4.82
400 3 6.48 5.88 5.88 5.88 5.88 6.48 5.88 5.88 5.88 5.88 5.68 5.44 5.44 5.44 5.44

600 1 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.80 4.80 4.80 4.80 4.80
600 2 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.08 5.08 5.08 5.08 5.08
600 3 6.34 6.28 6.28 6.28 6.28 6.34 6.28 6.28 6.28 6.28 6.24 6.10 6.10 6.10 6.10

Logistic

200 1 4.56 4.56 4.56 4.56 4.56 1.86 1.86 1.86 1.86 1.86 2.42 2.42 2.42 2.42 2.42
200 2 4.52 4.52 4.52 4.52 4.52 4.56 4.56 4.56 4.56 4.56 4.56 4.56 4.56 4.56 4.56
200 3 5.16 4.98 4.98 4.98 4.98 5.14 4.96 4.96 4.96 4.96 4.84 4.70 4.70 4.70 4.70

400 1 5.14 5.14 5.14 5.14 5.14 3.34 3.34 3.34 3.34 3.34 3.12 3.12 3.12 3.12 3.12
400 2 4.78 4.78 4.78 4.78 4.78 4.78 4.78 4.78 4.78 4.78 4.80 4.80 4.80 4.80 4.80
400 3 6.16 5.76 5.76 5.76 5.76 6.16 5.76 5.76 5.76 5.76 5.80 5.72 5.72 5.72 5.72

600 1 4.40 4.40 4.40 4.40 4.40 3.64 3.64 3.64 3.64 3.64 3.32 3.32 3.32 3.32 3.32
600 2 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.54 4.54 4.54 4.54 4.54
600 3 5.94 5.46 5.46 5.46 5.46 5.94 5.46 5.46 5.46 5.46 5.62 5.10 5.10 5.10 5.10

Linear

200 1 4.92 4.92 4.92 4.92 4.92 4.90 4.90 4.90 4.90 4.90 4.68 4.68 4.68 4.68 4.68
200 2 5.02 4.90 4.90 4.90 4.90 4.98 4.86 4.86 4.86 4.86 4.80 4.72 4.72 4.72 4.72
200 3 5.74 5.20 5.20 5.20 5.20 5.78 5.20 5.20 5.20 5.20 5.34 5.06 5.06 5.06 5.06

400 1 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 4.68 4.68 4.68 4.68 4.68
400 2 5.78 5.60 5.60 5.60 5.60 5.78 5.60 5.60 5.60 5.60 5.60 5.52 5.52 5.52 5.52
400 3 6.92 6.08 6.08 6.08 6.08 6.92 6.08 6.08 6.08 6.08 6.20 5.70 5.70 5.70 5.70

600 1 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.72 4.72 4.72 4.72 4.72
600 2 5.58 5.42 5.42 5.42 5.42 5.58 5.42 5.42 5.42 5.42 5.30 5.10 5.10 5.10 5.10
600 3 6.04 6.52 6.52 6.52 6.52 6.04 6.52 6.52 6.52 6.52 5.58 5.92 5.92 5.92 5.92

Notes: Based on 2500 Monte carlo replications. k = 3 indicates that each univariate series forming the
tensor series has k = 3.
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Table S19: Empirical rejection frequencies, IV, Design 2, m ; = ¢ Z2 2

k=3 AIC BIC

n j 100' 1073 107%° 1077 o 107 1073 107% 1077 o 107 1073 107% 1077 0

Ezponential

200 1 4.74 4.74 4.74 4.74 4.74 4.68 4.68 4.68 4.68 4.68 4.66 4.66 4.66 4.66 4.66
200 2 5.54 5.54 5.54 5.54 5.54 5.44 5.44 5.44 5.44 5.44 4.90 4.90 4.90 4.90 4.90
200 3 5.24 5.02 5.02 5.02 5.02 5.22 5.00 5.00 5.00 5.00 4.94 4.78 4.78 4.78 4.78

400 1 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.96 4.96 4.96 4.96 4.96
400 2 5.62 5.70 5.70 5.70 5.70 5.62 5.70 5.70 5.70 5.70 5.36 5.42 5.42 5.42 5.42
400 3 6.56 6.52 6.52 6.52 6.52 6.56 6.52 6.52 6.52 6.52 5.88 5.86 5.86 5.86 5.86

600 1 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.64 4.22 4.22 4.22 4.22 4.22
600 2 5.64 5.70 5.70 5.70 5.70 5.64 5.70 5.70 5.70 5.70 5.40 5.48 5.48 5.48 5.48
600 3 6.40 6.02 6.02 6.02 6.02 6.40 6.02 6.02 6.02 6.02 5.80 6.08 6.08 6.08 6.08

Logistic

200 1 4.80 4.80 4.80 4.80 4.80 3.38 3.38 3.38 3.38 3.38 3.64 3.64 3.64 3.64 3.64
200 2 5.54 5.56 5.56 5.56 5.56 5.58 5.60 5.60 5.60 5.60 5.28 5.30 5.30 5.30 5.30
200 3 5.30 5.04 5.04 5.04 5.04 5.30 5.04 5.04 5.04 5.04 5.04 4.92 4.92 4.92 4.92

400 1 5.22 5.22 5.22 5.22 5.22 4.40 4.40 4.40 4.40 4.40 4.12 4.12 4.12 4.12 4.12
400 2 5.90 6.02 6.02 6.02 6.02 5.90 6.02 6.02 6.02 6.02 5.70 5.82 5.82 5.82 5.82
400 3 6.28 6.26 6.26 6.26 6.26 6.28 6.26 6.26 6.26 6.26 5.94 6.10 6.10 6.10 6.10

600 1 4.68 4.68 4.68 4.68 4.68 4.22 4.22 4.22 4.22 4.22 3.86 3.86 3.86 3.86 3.86
600 2 5.26 5.48 5.48 5.48 5.48 5.26 5.48 5.48 5.48 5.48 4.96 5.08 5.08 5.08 5.08
600 3 6.32 5.92 5.92 5.92 5.92 6.32 5.92 5.92 5.92 5.92 5.88 5.42 5.42 5.42 5.42

Linear

200 1 4.92 4.92 4.92 4.92 4.92 4.90 4.90 4.90 4.90 4.90 4.68 4.68 4.68 4.68 4.68
200 2 5.02 4.90 4.90 4.90 4.90 4.98 4.86 4.86 4.86 4.86 4.80 4.72 4.72 4.72 4.72
200 3 5.74 5.20 5.20 5.20 5.20 5.78 5.20 5.20 5.20 5.20 5.34 5.06 5.06 5.06 5.06

400 1 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 5.04 4.68 4.68 4.68 4.68 4.68
400 2 5.78 5.60 5.60 5.60 5.60 5.78 5.60 5.60 5.60 5.60 5.60 5.52 5.52 5.52 5.52
400 3 6.92 6.08 6.08 6.08 6.08 6.92 6.08 6.08 6.08 6.08 6.20 5.70 5.70 5.70 5.70

600 1 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.98 4.72 4.72 4.72 4.72 4.72
600 2 5.58 5.42 5.42 5.42 5.42 5.58 5.42 5.42 5.42 5.42 5.30 5.10 5.10 5.10 5.10
600 3 6.04 6.52 6.52 6.52 6.52 6.04 6.52 6.52 6.52 6.52 5.58 5.92 5.92 5.92 5.92

Notes: Based on 2500 Monte carlo replications. k = 3 indicates that each univariate series forming the
tensor series has k = 3.
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Table S20: Empirical rejection frequencies, IV, Design 2, 71, mo same form with
J =3 for my

k=3 AIC BIC
n j 100' 1073 107%° 1077 o 107' 1073 107% 1077 o 107 1073 107% 1077 0
Ezponential
200 5.70 5.70 5.70 5.70  5.70 5.58 5.58 5.58 5.58  5.58 5.30 5.30 5.30 5.30  5.30

1
200 2 5.76 5.74 5.74 5.74 5.74 5.68 5.66 5.66 5.66 5.66 5.26 5.24 5.24 5.24 5.24
200 3 5.50 5.08 5.08 5.08 5.08 5.46 5.04 5.04 5.04 5.04 5.06 4.76 4.76 4.76 4.76

400 1 5.78 5.88 5.88 5.88 5.88 5.78 5.88 5.88 5.88 5.88 5.22 5.36 5.36 5.36 5.36
400 2 5.68 5.78 5.78 5.78 5.78 5.68 5.78 5.78 5.78 5.78 5.62 5.66 5.66 5.66 5.66
400 3 6.48 5.88 5.88 5.88 5.88 6.48 5.88 5.88 5.88 5.88 5.68 5.44 5.44 5.44 5.44

600 1 5.82 5.90 5.90 5.90 5.90 5.82 5.90 5.90 5.90 5.90 5.22 5.24 5.24 5.24 5.24
600 2 5.80 6.10 6.10 6.10 6.10 5.80 6.10 6.10 6.10 6.10 5.46 5.70 5.70 5.70 5.70
600 3 6.34 6.28 6.28 6.28 6.28 6.34 6.28 6.28 6.28 6.28 6.24 6.10 6.10 6.10 6.10

Logistic

200 1 5.54 5.54 5.54 5.54 5.54 3.98 4.00 4.00 4.00 4.00 4.02 4.04 4.04 4.04 4.04
200 2 5.62 5.64 5.64 5.64 5.64 5.66 5.68 5.68 5.68 5.68 5.36 5.38 5.38 5.38 5.38
200 3 5.16 4.98 4.98 4.98 4.98 5.14 4.96 4.96 4.96 4.96 4.84 4.70 4.70 4.70 4.70

400 1 6.02 6.12 6.12 6.12 6.12 5.56 5.62 5.62 5.62 5.62 4.96 5.10 5.10 5.10 5.10
400 2 5.92 6.10 6.10 6.10 6.10 5.92 6.10 6.10 6.10 6.10 5.68 5.88 5.88 5.88 5.88
400 3 6.16 5.76 5.76 5.76 5.76 6.16 5.76 5.76 5.76 5.76 5.80 5.72 5.72 5.72 5.72

600 1 5.40 5.64 5.64 5.64 5.64 5.00 5.16 5.16 5.16 5.16 4.14 4.36 4.36 4.36 4.36
600 2 5.26 5.64 5.64 5.64 5.64 5.26 5.64 5.64 5.64 5.64 4.98 5.20 5.20 5.20 5.20
600 3 5.94 5.46 5.46 5.46 5.46 5.94 5.46 5.46 5.46 5.46 5.62 5.10 5.10 5.10 5.10

Linear

200 1 5.34 5.30 5.30 5.30 5.30 5.30 5.28 5.28 5.28 5.28 4.96 4.96 4.96 4.96 4.96
200 2 5.18 4.96 4.96 4.96 4.96 5.16 4.94 4.94 4.94 4.94 4.92 4.90 4.90 4.90 4.90

200 3 5.74 5.20 5.20 5.20 5.20 5.78 5.20 5.20 5.20 5.20 5.34 5.06 5.06 5.06 5.06
400 1 6.10 6.26 6.26 6.26 6.26 6.10 6.26 6.26 6.26 6.26 5.98 6.10 6.10 6.10 6.10
400 2 6.30 6.34 6.34 6.34 6.34 6.30 6.34 6.34 6.34 6.34 5.96 6.18 6.18 6.18 6.18
400 3 6.92 6.08 6.08 6.08 6.08 6.92 6.08 6.08 6.08 6.08 6.20 5.70 5.70 5.70 5.70
600 1 5.24 6.14 6.14 6.14 6.14 5.24 6.14 6.14 6.14 6.14 4.94 5.58 5.58 5.58 5.58
600 2 6.24 5.98 5.98 5.98 5.98 6.24 5.98 5.98 5.98 5.98 5.74 5.42 5.42 5.42 5.42
600 3 6.04 6.52 6.52 6.52 6.52 6.04 6.52 6.52 6.52 6.52 5.58 5.92 5.92 5.92 5.92

Notes: Based on 2500 Monte carlo replications. k& = 3 indicates that each univariate series forming the
tensor series has k = 3.
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Table S21: Empirical rejection frequencies, IV, Design 2, my = ¢5Z22

k=3 AIC BIC

n j 100' 1073 107%° 1077 o 107 1073 107% 1077 o 107 1073 107% 1077 0

Ezponential

200 1 5.82 5.80 5.80 5.80 5.80 5.68 5.66 5.66 5.66 5.66 5.34 5.34 5.34 5.34 5.34
200 2 5.94 5.92 5.92 5.92 5.92 5.84 5.82 5.82 5.82 5.82 5.32 5.28 5.28 5.28 5.28
200 3 5.24 5.02 5.02 5.02 5.02 5.22 5.00 5.00 5.00 5.00 4.94 4.78 4.78 4.78 4.78

400 1 6.02 6.38 6.38 6.38 6.38 6.02 6.38 6.38 6.38 6.38 5.64 5.80 5.80 5.80 5.80
400 2 5.94 6.26 6.26 6.26 6.26 5.94 6.26 6.26 6.26 6.26 5.58 5.94 5.94 5.94 5.94
400 3 6.56 6.52 6.52 6.52 6.52 6.56 6.52 6.52 6.52 6.52 5.88 5.86 5.86 5.86 5.86

600 1 5.72 6.68 6.68 6.68 6.68 5.72 6.68 6.68 6.68 6.68 5.22 5.82 5.82 5.82 5.82
600 2 5.82 6.74 6.74 6.74 6.74 5.82 6.74 6.74 6.74 6.74 5.50 6.00 6.00 6.00 6.00
600 3 6.40 6.02 6.02 6.02 6.02 6.40 6.02 6.02 6.02 6.02 5.80 6.08 6.08 6.08 6.08

Logistic

200 1 5.60 5.58 5.58 5.58 5.58 4.42 4.44 4.44 4.44 4.44 4.64 4.64 4.64 4.64 4.64
200 2 5.62 5.58 5.58 5.58 5.58 5.56 5.54 5.54 5.54 5.54 5.40 5.36 5.36 5.36 5.36
200 3 5.30 5.04 5.04 5.04 5.04 5.30 5.04 5.04 5.04 5.04 5.04 4.92 4.92 4.92 4.92

400 1 6.16 6.48 6.48 6.48 6.48 5.94 6.26 6.26 6.26 6.26 5.12 5.44 5.44 5.44 5.44
400 2 6.16 6.30 6.30 6.30 6.30 6.16 6.30 6.30 6.30 6.30 5.94 6.06 6.06 6.06 6.06
400 3 6.28 6.26 6.26 6.26 6.26 6.28 6.26 6.26 6.26 6.26 5.94 6.10 6.10 6.10 6.10

600 1 5.60 6.26 6.26 6.26 6.26 4.72 5.72 5.72 5.72 5.72 4.12 4.92 4.92 4.92 4.92
600 2 5.46 6.16 6.16 6.16 6.16 5.46 6.16 6.16 6.16 6.16 5.14 5.66 5.66 5.66 5.66
600 3 6.32 5.92 5.92 5.92 5.92 6.32 5.92 5.92 5.92 5.92 5.88 5.42 5.42 5.42 5.42

Linear

200 1 5.34 5.30 5.30 5.30 5.30 5.30 5.28 5.28 5.28 5.28 4.96 4.96 4.96 4.96 4.96
200 2 5.18 4.96 4.96 4.96 4.96 5.16 4.94 4.94 4.94 4.94 4.92 4.90 4.90 4.90 4.90
200 3 5.74 5.20 5.20 5.20 5.20 5.78 5.20 5.20 5.20 5.20 5.34 5.06 5.06 5.06 5.06

400 1 6.10 6.26 6.26 6.26 6.26 6.10 6.26 6.26 6.26 6.26 5.98 6.10 6.10 6.10 6.10
400 2 6.30 6.34 6.34 6.34 6.34 6.30 6.34 6.34 6.34 6.34 5.96 6.18 6.18 6.18 6.18
400 3 6.92 6.08 6.08 6.08 6.08 6.92 6.08 6.08 6.08 6.08 6.20 5.70 5.70 5.70 5.70

600 1 5.24 6.14 6.14 6.14 6.14 5.24 6.14 6.14 6.14 6.14 4.94 5.58 5.58 5.58 5.58
600 2 6.24 5.98 5.98 5.98 5.98 6.24 5.98 5.98 5.98 5.98 5.74 5.42 5.42 5.42 5.42
600 3 6.04 6.52 6.52 6.52 6.52 6.04 6.52 6.52 6.52 6.52 5.58 5.92 5.92 5.92 5.92

Notes: Based on 2500 Monte carlo replications. k = 3 indicates that each univariate series forming the
tensor series has k = 3.
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Figure S11: m; exponential with j =1 (i = 1,2)
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Figure S12: m; exponential with j = 1, my exponential with j = 3
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Figure S13: m; exponential with j = 3, my exponential with j = 3

(a) § (AIC) (b) 8 (BIC)

Figure S14: m; logistic with j =1 (i = 1,2)
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Figure S15: m; logistic with 7 = 1, my logistic with j = 3
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Figure S16: m logistic with j = 3, w9 logistic with j = 3
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Figure S17: m; linear with j =1 (i = 1,2)
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Figure S18: m linear with j = 1, my linear with j = 3
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Figure S19: m; linear with j = 3, 7y linear with j = 3
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Figure S20: m; exponential with j = 1, 7y linear with j =1
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Figure S22: 7, exponential with j = 3, 7y linear with j = 3

Figure S23: m; logistic with j = 1, 7 linear with 7 =1
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Figure S24: 7 logistic with 7 = 1, m, linear with j = 3
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Figure S25: m logistic with j = 3, w9 linear with j = 3
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Table S22: Empirical rejection frequencies, Design 3

S AR TSLSW GMMW GMM LM

n j OLS k=6 AIC BIC

Exponential

200 1 0.78 5.64 5.64 5.60 5.54 1.24 20.10 5.22
200 2 0.28 6.28 6.28 6.22 5.54 4.62 31.56 6.10
200 3 0.04 6.30 6.30 6.32 5.54 23.32 71.74 22.60
400 1 0.06 5.12 5.12 5.06 5.46 1.48 13.74 5.20
400 2 0.02 5.52 552 5.62 5.46 4.32 20.96 5.50
400 3  0.00 2.68 2.68 320 5.46 22.78 53.20 14.82
600 1 0.02 5.14 5.14 5.08 5.78 1.44 10.98 5.34
600 2 0.00 5.80 5.80 5.84 5.78 4.78 16.76 5.60
600 3 0.00 142 142 194 5.78 22.50 43.78 12.54
Logistic

200 1 4.78 5.00 4.84 4.82 5.54 5.36 9.10 4.64
200 2 4.78 4.84 484 4776 5.54 5.16 16.50 5.04
200 3 2.22 6.88 6.88 6.86 5.54 8.36 59.20 19.24
400 1 5.24 5.06 494 4.62 5.46 5.52 6.56 4.48
400 2 5.24 4.88 4.88 4.88 5.46 5.50 11.38 5.08
400 3  2.02 3.84 3.84 426 5.46 6.48 40.42 13.50
600 1 5.52 5.42 528 492 5.78 5.76 6.56 5.40
600 2 5.52 5.30 5.30 5.30 5.78 5.70 10.12 5.62
600 3 210 3.16 3.16 3.46 5.78 6.76 31.58 11.78
Linear

200 1 4.78 5.50 5.50 5.50 5.54 4.98 21.00 5.96
200 2 2.28 7.04 7.04 7.04 554 7.62 52.44 15.88
200 3 0.16 5.30 5.30 5.66 5.54 16.36 93.76 48.02
400 1 5.24 526 526 5.24 5.46 5.28 14.04 5.48
400 2 2.24 470 470 492 5.46 6.02 35.14 11.64
400 3 0.02 1.28 1.28 212 5.46 11.96 88.48 41.48
600 1 5.52 5.70 570 5.74 5.78 5.86 12.52 6.06
600 2 294 3.98 3.98 440 5.78 6.34 27.20 10.52
600 3 0.00 0.40 040 0.84 5.78 11.32 83.64 37.48

Notes: Based on 5000 Monte carlo replications.
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Table S23: Empirical rejection frequencies, Design 3

k=6 AIC BIC
n j 100' 1073 107% 1077 o 107 1073 1075 1077 o 10~ 1073 107% 1077 0
Ezxponential
200 1 5.64 5.64 5.64 5.64 5.64 5.64 5.64 5.64 5.64 5.64 5.60 5.60 5.60 5.60 5.60
200 2 6.28 6.30 6.30 6.30 6.30 6.28 6.30 6.30 6.30 6.30 6.22 6.24 6.24 6.24 6.24
200 3 6.30 9.68 9.68 9.68 9.68 6.30 9.68 9.68 9.68 9.68 6.32 9.34 9.34 9.34 9.34
400 1 5.12 5.12 5.12 5.12 5.12 5.12 5.12 5.12 5.12 5.12 5.06 5.06 5.06 5.06 5.06
400 2 5.52 5.52 5.52 5.52 5.52 5.52 5.52 5.52 5.52 5.52 5.62 5.62 5.62 5.62 5.62
400 3 2.68 9.34 9.34 9.34 9.34 2.68 9.34 9.34 9.34 9.34 3.20 9.16 9.16 9.16 9.16
600 1 5.14 5.14 5.14 5.14 5.14 5.14 5.14 5.14 5.14 5.14 5.08 5.08 5.08 5.08 5.08
600 2 5.80 5.80 5.80 5.80 5.80 5.80 5.80 5.80 5.80 5.80 5.84 5.84 5.84 5.84 5.84
600 3 1.42 8.54 8.54 8.54 8.54 1.42 8.54 8.54 8.54 8.54 1.94 8.42 8.42 8.42 8.42
Logistic
200 1 5.00 5.00 5.00 5.00 5.00 4.84 4.84 4.84 4.84 4.84 4.82 4.82 4.82 4.82 4.82
200 2 4.84 4.84 4.84 4.84 4.84 4.84 4.84 4.84 4.84 4.84 4.76 4.76 4.76 4.76 4.76
200 3 6.88 9.58 9.58 9.58 9.58 6.88 9.58 9.58 9.58 9.58 6.86 9.06 9.06 9.06 9.06
400 1 5.06 5.06 5.06 5.06 5.06 4.94 4.94 4.94 4.94 4.94 4.62 4.62 4.62 4.62 4.62
400 2 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88 4.88
400 3 3.84 8.94 8.94 8.94 8.94 3.84 8.94 8.94 8.94 8.94 4.26 8.60 8.60 8.60 8.60
600 1 5.42 5.42 5.42 5.42 5.42 5.28 5.28 5.28 5.28 5.28 4.92 4.92 4.92 4.92 4.92
600 2 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30 5.30
600 3 3.16 8.54 8.54 8.54 8.54 3.16 8.54 8.54 8.54 8.54 3.46 8.22 8.22 8.22 8.22
Linear
200 1 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50 5.50
200 2 7.04 9.00 9.00 9.00 9.00 7.04 9.00 9.00 9.00 9.00 7.04 8.56 8.56 8.56 8.56
200 3 5.30 11.34  11.34  11.34  11.34 5.30 11.34  11.34  11.34  11.34 5.66  10.76  10.76  10.76  10.76
400 1 5.26 5.26 5.26 5.26 5.26 5.26 5.26 5.26 5.26 5.26 5.24 5.24 5.24 5.24 5.24
400 2 4.70 8.42 8.42 8.42 8.42 4.70 8.42 8.42 8.42 8.42 4.92 8.10 8.10 8.10 8.10
400 3 1.28 12.10 1210 12,10  12.10 1.28 1210 12,10 12.10  12.10 2,12 11.48 11.48 11.48 11.48
600 1 5.70 5.70 5.70 5.70 5.70 5.70 5.70 5.70 5.70 5.70 5.74 5.74 5.74 5.74 5.74
600 2 3.98 7.84 7.84 7.84 7.84 3.98 7.84 7.84 7.84 7.84 4.40 7.72 7.72 7.72 7.72
600 3 0.40 10.90 10.90 10.90  10.90 0.40 10.90 10.90 10.90  10.90 0.84 10.38 10.38 10.38  10.38

Notes: Based on 5000 Monte carlo replications.
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Figure S26: Design 3, m;(2) = 5exp(—2*/2¢})
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Figure S28: Design 3, 7;(2) = ¢;z
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Table S24: Empirical rejection frequencies, IV, Design 4, 7 = m

AR LM CLR TSLSW GMMW GMM LM
n j OLS k=3 AIC BIC

Ezxponential
200 1 1.02 480 480 448 4.84 498 5.06 18.12 26.14 12.80
200 2 0.30 598 596 556 4.84 5.18 5.02 35.52 59.94 27.04
200 3 0.04 6.38 6.32 6.00 4.84 5.12 5.00 60.74 99.80 85.28
400 1  0.02 5.42 542 5.12 538 5.12 5.54 17.70 14.98 9.20
400 2 0.00 6.00 6.00 6.04 538 5.24 5.52 35.98 35.12 17.64
400 3  0.00 722 722 6.94 538 5.30 5.54 61.34 97.02 75.28
600 1 0.00 482 482 470 5.04 5.26 5.36 17.48 11.92 8.46
600 2 0.00 5.50 5.50 5.46 5.04 5.54 5.26 35.34 25.74 14.42
600 3 0.00 5.70 570 544 5.04 5.54 5.32 61.38 92.20 67.24
Logistic
200 1  5.40 460 1.32 278 4.84 5.40 6.86 5.44 6.10 5.72
200 2 5.42 5.32 526 5.00 4.84 5.36 6.72 5.62 9.64 7.14
200 3  3.58 6.32 6.26 5.62 4.84 5.48 6.60 13.60 97.44 77.14
400 1 5.12 522 428 270 538 5.30 6.52 5.18 5.52 5.36
400 2  4.88 5.48 548 5.14 538 5.34 6.60 5.04 7.20 5.80
400 3 1.92 738 7.38 6.86 538 5.16 6.24 9.82 86.10 60.82
600 1 5.10 4.58 436 228 5.04 5.36 6.50 5.28 5.36 5.50
600 2  5.06 498 498 494 5.04 5.38 6.54 5.22 6.70 5.72
600 3 1.16 6.22 6.22 580 5.04 5.38 6.36 8.58 74.12 49.12
Linear
200 1 5.32 568 562 510 4.84 544 6.74 5.86 25.98 14.34
200 2 3.80 6.26 6.20 5.62 4.84 542 6.72 11.74 94.78 69.16
200 3 0.14 6.22 6.10 5.66 4.84 5.26 5.92 42.12 100.00 97.30
400 1 4.74 592 592 532 538 5.32 6.48 5.48 15.60 9.72
400 2 294 7.18 7.18 6.72 538 5.22 6.30 8.92 78.00 51.38
400 3 0.00 740 7.40 6.78 5.38 5.04 5.72 30.70 99.88 95.96
600 1 5.02 532 532 526 5.04 540 6.56 5.46 12.44 8.62
600 2 2.64 6.44 644 598 5.04 542 6.38 7.92 63.18 40.16
600 3 0.00 452 452 432 504 526 6.02 25.00 99.52 94.34

Notes: Based on 5000 Monte carlo replications.
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Table S25: Empirical rejection frequencies, IV, Design 4, m; = o, S tests

k=3 AIC BIC

n i 10! 1073 1075 1077 o 10! 1073 107% 1077 o 10! 1073 107% 1077 0
Ezponential
200 1 4.80 4.80 4.80 4.80 4.80 4.80 4.80 4.80 480 4.80 4.48 4.48 4.48 4.48  4.48
200 2 5.98 5.98 5.98 5.98  5.98 5.96 5.96 5.96 5.96  5.96 5.56 5.56 5.56 5.56  5.56
200 3 6.38 6.38 6.38 6.38  6.38 6.32 6.32 6.32 6.32  6.32 6.00 6.00 6.00 6.00  6.00
400 1 5.42 5.42 5.42 5.42  5.42 5.42 5.42 5.42 5.42  5.42 5.12 5.12 5.12 5.12  5.12
400 2 6.00 6.00 6.00 6.00  6.00 6.00 6.00 6.00 6.00  6.00 6.04 6.04 6.04 6.04 6.04
400 3 7.22 7.92 7.92 7.92  7.92 7.22 7.92 7.92 7.92  7.92 6.94 7.50 7.50 7.50  7.50
600 1 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.82 4.70 4.70 4.70 4.70 4.70
600 2 5.50 5.50 5.50 5.50  5.50 5.50 5.50 5.50 5.50  5.50 5.46 5.46 5.46 5.46  5.46
600 3 5.70 7.72 7.72 7.72 772 5.70 7.72 7.72 772 772 5.44 7.08 7.08 7.08  7.08
Logistic
200 1 4.60 4.60 4.60 4.60  4.60 1.32 1.32 1.32 1.32  1.32 2.78 2.78 2.78 278  2.78
200 2 5.32 5.32 5.32 5.32 5.32 5.26 5.26 5.26 5.26  5.26 5.00 5.00 5.00 5.00  5.00
200 3 6.32 6.34 6.34 6.34  6.34 6.26 6.28 6.28 6.28  6.28 5.62 5.64 5.64 5.64  5.64
400 1 5.22 5.22 5.22 5.22 5.22 4.28 4.28 4.28 4.28 4.28 2.70 2.70 2.70 2.70 2.70
400 2 5.48 5.48 5.48 5.48 5.48 5.48 5.48 5.48 5.48 5.48 5.14 5.14 5.14 5.14 5.14
400 3 7.38 7.54 7.54 7.54  7.54 7.38 7.54 7.54 7.54  7.54 6.86 7.02 7.02 7.02  7.02
600 1 4.58 4.58 4.58 458  4.58 4.36 4.36 4.36 4.36  4.36 2.28 2.28 2.28 228  2.28
600 2 4.98 4.98 4.98 4.98  4.98 4.98 4.98 4.98 4.98  4.98 4.94 4.94 4.94 494  4.94
600 3 6.22 7.24 7.24 7.24  7.24 6.22 7.24 7.24 7.24  7.24 5.80 6.72 6.72 6.72  6.72
Linear
200 1 5.68 5.68 5.68 5.68  5.68 5.62 5.62 5.62 5.62  5.62 5.10 5.10 5.10 5.10  5.10
200 2 6.26 6.28 6.28 6.28  6.28 6.20 6.22 6.22 6.22  6.22 5.62 5.64 5.64 5.64  5.64
200 3 6.22 6.22 6.22 6.22  6.22 6.10 6.10 6.10 6.10  6.10 5.66 5.66 5.66 5.66  5.66
400 1 5.92 5.92 5.92 5.92  5.92 5.92 5.92 5.92 5.92  5.92 5.32 5.32 5.32 5.32  5.32
400 2 7.18 7.30 7.30 7.30  7.30 7.18 7.30 7.30 7.30  7.30 6.72 6.84 6.84 6.84 6.84
400 3 7.40 8.30 8.30 8.30  8.30 7.40 8.30 8.30 8.30  8.30 6.78 7.60 7.60 7.60  7.60
600 1 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32 5.32  5.32 5.26 5.26 5.26 5.26  5.26
600 2 6.44 7.20 7.20 7.20  7.20 6.44 7.20 7.20 7.20  7.20 5.98 6.64 6.64 6.64  6.64
600 3 4.52 7.56 7.56 7.56  7.56 4.52 7.56 7.56 7.56  7.56 4.32 6.84 6.84 6.84 6.84

Notes: Based on 5000 Monte carlo replications.

Figure S30: Design 4, m;(z) = 25(1 + exp(—z/¢;)) !
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Figure S31: Design 4, 7;(2) = ¢;z
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